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NOMENCLATURE 
A Lame p a r a m e t e r 
\ N 
coefficients in the deflection function 
a semi-major axis of the ellipse 
a. coefficients in the space function f(x) 
B Lame parameter 
b semi-minor axis of the ellipse 
D plate bending rigidity 
E YoungTs modulus 
F Airy*s stress function 
F(a,p) a function of a and p 
f(x) a function of x 
f.(§) a function of § 
g.(Tl) a function of T] 
J 
H slot half length 
2 h distance between the foci of the elliptic hole 
i indicial integer in the deflection function 
j indicial integer in the deflection function 
k dimensionless proportionality factor 
K local curvature of the deflected surface in a-direction 
o> 
K D local curvature of the deflected surface in (3-direction 
K _ torsion of the surface 
#3 
i x 
L crack length 
L("w;^T) operator on the quantity >/,__ 
& direction cosine, cos(x,n) 
M indicial integer in the deflection function 
M bending moment per unit length along constant |3 curves 
MD bending moment per unit length along constant a curves 
P 
M _ twisting moment per unit length 
m direction cosine, cos (y,n) 
N" indicial integer in the deflection function 
N in-plane force per unit lengh in x-direction 
N in-plane force per unit length in y-direction 
N shear force per unit length xy ^ 
N in-plane force per unit length in a-direction 
NQ in-plane force per unit length in ^-direction 
P 
N _ shear force per unit length 
cup 
n normal to the edge of a prismatic element 
P applied tensile stress at the infinity 
P smallest buckling load 
q transverse force per unit area 
R slot end radius 
S shear stress component on edge of a prismatic element 
t sheet thickness 
W(§?TUT) deflection function which is the function of space 
variables and time 
di f fe ren t ia t ion of W twice with respect to time 
displacement function in z-direct ion 
a deflection function which i s function of space 
variables a9 {3 
Cartesian coordinate 
x-direction component of stress acting on edge of a 
prismatic element 
transformed Cartesian coordinate 
Cartesian coordinate 
y-direction component of stress acting on edge of a 
prismatic element 
transformed Cartesian coordinate 
coordinate direction normal to x, y plane 
lower limit of integration on z 
upper limit of integration on z 
curvilinear coordinate 
lower limit of integration on a 
upper limit of integration of ex 
curvilinear coordinate 
lower limit of integration on (3 
upper limit of integration on 3 
elliptic coordinate 
value of ̂  °*i the "boundary of an elliptic hole 
lower limit of integration on £ 
upper limit of integration on ̂  
X I 
T| elliptic coordinate 
T] lower limit of integration on 7] 
T| upper limit of integration on T] 
9 angle "between tangent to §~curve and the x-axis 
Y angle between the direction of the tension applied 
at infinity with the major axis of the elliptic hole 
p mass density of the plate 
v PoissonTs ratio 
CD natural frequency of vibration 
T time 
\|r(z) complex potential function 
x(z) complex potential function 
$ complex number 
cpj_(x) set of functions in the function space 
cp. . (a?8) space function which is function of space variables, a,|3 
-'-d 
X nondimensional load parameter 
Q nondimensional frequency parameter 
6 variation 
a normal stress component on edge of a prismatic element 
or midsurface normal stress in x-direction x 
a midsurface normal stress in y-direction 
y 
u midsurface shearing stress 
xy ^ 
a i x 
midsurface normal stress in x -direction 
0" / midsurface normal stress in y'-direction 
y 
a i i midsurface shear stress 
x y 
CT midsurface normal stress in o-direction 
01 
CT midsurface normal stress in p-direction 
a _ midsurface shearing stress 
a$ 
o critical applied traction stress for a cracked specimen 
o" critical applied tensile stress for a slotted specimen 
Ae twice the bending strain 
d/dx ( )3 partial differentiation with respect to 
independent variable x 
SUMMAEY 
The out-of-plane deflection which can be developed in a thin, 
tensioned sheet containing a central opening is discussed. It is 
noted that this behavior is of practical importance because it can 
alter the stress concentration and fatigue properties. 
The results of an experimental and analytical study of the 
buckling and vibration behavior of tensioned sheets with an elliptical 
opening are presented. Data from buckling and vibration experiments 
for several opening shapes ranging between a crack and a circle are 
presented. A generalized Galerkin method for solving the governing 
differential equations is used and the results obtained are presented 
in terms of buckling loads and natural frequencies. 
The experimental buckling stress estimates correlate well with 
the analytical results. The data from the vibration experiments 
indicate that the load vs frequency behavior is dependent on the size 
of the test specimen and the opening shape. The analytical results 
display a load vs frequency behavior which is experimentally observed 
for a narrow elliptical hole; i.e., for a small value of the ratio of 
minor axis to major axis. Some features of the analytical and experi-
mental vibration results differ substantially however. The analysis 
indicates that the frequency decreases to zero as the applied load 
approaches the buckling load. The experimental results do not 





The Cutout Problem in Structural Elements 
For thousands of years man has built structures which included 
openings in the walls. Usually, his designs made use of previous 
experience and included an amount of reinforcement necessary to ensure 
the integrity of the building or vehicle for what were considered to 
be reasonable service conditions. Under these circumstances the 
design problems were not difficult and the need for optimum solutions 
was not particularly urgent. 
With the advent of flight vehicles with skins which were made 
from thin sheet, monocoque or semi-monocoque construction, the need 
for the development of design procedures which allowed for the 
incorporation of openings in both a safe and an efficient manner 
became apparent. The consequences of failure to solve the indicated 
design problem could not be ignored. 
If the opening or cutout problem is extended to include both 
those present by design and those incurred by accident, it is found 
that a variety of modes of static and dynamic behavior are possible. 
The responses which may be observed are of interest not just as 
peculiar occurrences in a particular type of structure, but as events 
which can lead to a failure in the structure. 
The mode of static behavior which is of interest in this 
investigation is buckling. The occurrence of buckling introduces a 
distortion of the surface of the element and results in a change in 
the stress distribution. Both of these possibilities can have un-
desirable effects on the performance of the vehicle of which the 
element is a part. 
The dynamic behavior studied here involves the effect of initial 
stress on transverse vibration properties of sheet elements with 
openings. In the extreme case of a crack, the presence of excitation 
at a resonant frequency can lead to crack propagation. For other 
opening shapes the cyclic character of vibration can be expected to 
nucleate cracks at stress concentration sites. These nucleated cracks 
can then introduce crack propagation problems. 
In the sections that follow a brief review of work related to 
the subject problem will be presented. Both the static problem and 
the dynamic problem will be discussed. 
The Static Problem 
The importance of cutout problems in structures, particularly 
in flight vehicles, has been mentioned in the previous section. In 
these types of structures the skin carries all or some of the in-plane 
loads as well as pressure type loads. Failures in these structures 
are often caused by the development of fatigue cracks which propagate 
from a cutout or some other form of discontinuity. 
In this section the buckling behavior of loaded sheets with 
cutouts will be discussed. "When a thin sheet containing a central 
opening is subjected to a unidirectional tensile load, a region 
adjacent to the internal free edge perpendicular to the direction of 
loading is in compression. The presence of this compressive zone may 
create the necessity for considering the possibility of buckling at 
some critical value of load. 
One extreme of a cutout is a crack. Buckling of the cracked 
sheet under tensile loading is of considerable interest to structural 
engineers. In a cyclic load environment a crack which is initially 
very short can increase in length through crack propagation until a 
point is reached where buckling of the free edge can develop. If 
buckling does occur, the crack propagation behavior can be expected 
to be modified. 
The result of a semi-empirical analysis of the associated 
buckling problem has been used by a number of workers [1-6]. The 
buckling load has been expressed as 
% =kE (i)2 
where o- is the applied traction stress necessary to cause buckling, 
E is Young's modulus, t is the sheet thickness, and L is the 
crack length. A value of k of about 10 has been suggested by 
Mansfield [1]. Experimentally, k has been observed to vary from 
about 2 to about 7 [5]» The value of k appears to depend on material 
properties, the model geometry (specimen width, etc.) and very likely 
the manner in which the critical stress was defined in each experi-
mental investigation. 
A precise specification of the stress at which buckling takes 
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place has "been avoided in most of the work that has been published. 
Dixon and Strannigan [2] have studied the problem of a sheet with a 
tensile load applied perpendicular to the crack direction and have 
chosen to select an upper and lower bound for buckling from plots of 
average stress versus bending strain at the buckled edge. These 
bounds can differ substantially in magnitude. 
Analytically, it is quite difficult to predict the actual 
buckling load. Some of the difficulties which are encountered in an 
analysis of the problem are: (l) a nonuniform prebuckle elastic-
plastic stress state, and (2) an undefined boundary of the buckled 
region. Up to the present time, the only mathematical treatment of 
the cracked sheet problem is due to P. G. Cherepanov [3?̂ -]-
Cherepanov1s solution was for a membrane (that is, a plate with zero 
flexural regidity) however, so he did not actually treat the buckling 
problem. Concerning a finite flexural rigidity Cherepanov comments, 
". . . the problem of buckling for a plate with a finite fluxural 
rigidity at this time presents apparently insurmountable difficulties 
of a mathematical and even more fundamental nature." By limiting his 
analysis to a membrane, Cherepanov was able to obtain a solution that 
described the boundary of a "buckled" region. The buckled region in 
this case is developed by the requirement that a membrane cannot 
support a compressive stress. He was able to obtain a result in 
closed form for his model. 
Recently, Carlson, et al., [5] obtained buckling loads for the 
cracked sheet experimentally using an extension of the Southwell method. 
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The problem of incipient buckling of cracked plates -which are loaded 
in uniaxial tension has been the subject of several other studies 
[2,6,7] and these have been reviewed in Reference 5-
Zielsdorff [8] in his Ph.D. dissertation considered the problem 
of the buckling of cutouts in a tensioned sheet. The cutout considered 
in his investigation was defined as the slot which is constructed by 
putting semi-circular ends on a rectangle. Based on his experimental 
results he developed an empirical expression for the static buckling 
stress of cutouts in a tensioned field. 
The objective of the present work is to determine analytically 
the buckling stress of a tensioned sheet with an elliptic hole and 
then to confirm that result experimentally on selected specimens. 
By varying the semi-major and semi-minor axes, this problem covers the 
shapes which range between a circle and the crack. This opening shape 
is easier to analyze than the shape considered by Zielsdorff. The 
elliptic coordinate system which is the natural system of the elliptic 
hole can be used to obtain a solution to the buckling problem. To 
obtain the static stress distribution Zielsdorff used a truncated 
infinite series for the mapping function of the hole. The accuracy 
depends on the number of terms in the series. In the case of an 
elliptic hole, the mapping function is exact and relatively simple. 
Hence, the stress distribution in the field can be obtained more 
simply and more accurately. 
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The Dynamic Problem 
The existence of a compressive zone adjacent to the free edge 
of the opening of a tensioned sheet has been discussed in the previous 
section. The presence of this compressive zone can also be expected 
to have an effect on the character of the modes of vibration. An. 
additional aim of this investigation is to study this effect. As 
noted earlier, one important case of the cutout shape is the crack 
and the practical importance of this problem cannot be questioned. 
A number of dynamic effects are important. Among them are the 
dynamic effects associated with the crack propagation. Another 
important dynamic problem is the associated vibration behavior of the 
structural element having initial stress. As these two problems are 
directly associated with the importance of the present research, it 
is appropriate to review briefly the research progress in the 
literature. 
The effects which are noted here primarily focus on the propaga-
tion phase of the crack extension. When the stress becomes sufficiently 
large at the tip of a crack, the crack propagates and the propagation 
depends on the material properties and the nature of the stress field 
around the crack. If the rate of flow of available energy at the 
crack tip is sufficient for the formation of the new crack surface and 
associated plastic work, the crack can extend without any change in 
external conditions. The energy absorption rate for a given material 
is defined as its fracture toughness. 
The analyses of moving cracks have mainly been centered on two 
crack models: (1) a crack of constant length traversing with a 
constant speed in a -uniform stress field, (2) a crack whose length is 
symmetrically increasing with constant speed, or a semi-infinite 
crack extending with constant speed. 
Natural cracks are of the second type. Griffith [9] in his 
static analysis of crack extension used the surface energy of the 
material as a basis for his determination of the maximum stable crack 
length. Yoffe [10] solved a dynamic steady state problem in which a 
crack of fixed length moves at constant speed through a stretched 
elastic sheet. She found that for higher crack speeds the stress 
field near the tip might lead to a branching of the crack. 
Another steady state problem, one in which a semi-infinite 
crack extends at constant speed through an elastic sheet, was solved 
by Craggs [11]. Several criteria, including those of Griffith and 
Yoffe, were used by Craggs in seeking an upper bound for the crack 
speed. 
Problems referred to above are steady state in character. A 
transient problem in which a semi-infinite crack suddenly appears in 
a stretched elastic plate has been solved by Maue [12]. This problem 
has also been discussed by Ang [13] and by Baker [lV]. 
A review of the analyses made of dynamic effects indicates that 
it has been necessary, because of the difficulty of the problem, to 
adopt relatively simple crack extension models. It is not clear at 
this time to what extent these models possess features and properties 
of real cracks. Thorough comparisons of analytical results with 
experimental results have yet to be made, and this is an area in which 
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more work needs to be done. With reference to experimental work, it 
may be noted that Wells and Post [15] have made a dynamic, photo-
elastic analysis of a moving crack. Photoelastic material properties 
differ substantially, however, from metals. 
The dynamic effects described in the preceding section were 
associated with the motion accompanying crack extension. Other 
important dynamic effects are possible. For example, induced, trans-
verse vibration of the crack edge surfaces can be expected to influence 
the character of crack extension. Under a static in-plane load, the 
occurrence of such oscillations introduces a fatigue type environment 
at the crack tip. The response characteristics of such behavior may be 
described as the vibration behavior of structural elements with 
initial stress. 
The vibration behavior of structures with initial stress has 
been studied by a number of investigators. Saint Venant [l6] studied 
the influence of initial stress on the vibration behavior of beams and 
plates. M. A. Biot [17] and Goodier [18] discussed the effect of 
initial axial stress on torsional vibration. Biot [19] later studied 
the influence of initial stress on elastic wave propagation. In the 
latter studies Biot and Goodier derived equations of motion for bodies 
under initial stress by linearizing non-linear equations of motion. 
In the last decade, a number of papers have been published on 
the effect of initial stress on vibration characteristics [16-30], 
Among those who have made recent contributions, the work of G. Herrmann 
is quite extensive. Herrmann has presented results both on the 
derivation of the governing equations and on solutions to specific 
problems. 
The dynamic problem of interest in the present investigation 
involves tensioned sheets with cutouts. A review of the literature 
reveals that some studies of this type have been made by Clarkson and 
his co-workers [31-^0]. They investigated the dynamic behavior of 
cracked plates subjected to a tensile load. The driving force used to 
induce oscillations in these studies was noise generated by a siren. 
It is appropriate to give a summary of the related work done by 
Clarkson and his co-workers on the propagation of fatigue cracks in a 
tensioned plate subjected to acoustic loads. To study this type of 
effect, they conducted experiments on a simple sheet model in which a 
crack had already been initiated. In this environment the crack 
propagated in a direction normal to the tensile stress. 
The natural frequency of vibration in Clarksonrs work was found 
to depend on the overall tension of the plate and on the crack length. 
Since the rate of crack propagation was expected to depend on the 
vibration characteristics of the plate, the investigation was concerned 
with the basic features of plate vibration; i.e., mode shapes at 
resonant frequency, and the load-frequency behavior. The effects of 
initial stress, over-all noise level and the thickness of the plate 
on the rate of crack propagation were also observed. 
Although the work of Clarkson and his co-workers is extensive on 
cracked sheets, the corresponding problem for other opening shapes 
remains to be studied. One of the objectives of the work described in 
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this report is to study the vibration behavior of tensioned sheets 
with a variety of hole shapes. 
The Fracture Problem 
Although "buckling or vibration which can precede or lead to 
crack extension are of primary interest in this investigation, the 
ultimate concern in service applications is failure through the 
fracture of a structural element. The status of fracture research 
will, therefore, briefly be summarized here to provide an enlarged 
perspective for the new results which are presented in this report. 
The problem of crack initiation and crack propagation in 
structural elements has attracted the attention of investigators for 
many years. The growth of microscopic cracks in the material of a 
structure and the sudden failure of the structure can occur without 
warning. The potential danger and the resulting consequences of 
failure have served as a strong motivation for the development of both 
design techniques which isolate failure and prevent it from becoming 
complete, and crack detection devices. 
The Griffith-Irwin fracture mechanics theory [41-^3] of crack 
extension is used as a basis for most of the current work on the 
fracture problem. Griffith's theory was based on a study of crack 
extension in an ideally brittle solid. He based his work on an 
analysis of the transformation of stored strain energy to surface 
energy which is developed by the formation of new surfaces during 
crack extension. Irwin [̂ -2-̂ -5] and Orowan [i+6-2+7] recognized that for 
metals the plastic deformation which occurs during crack extension 
invalidates the use of Griffith's theory. They observed that the 
energy supplied to the fracture process is absorbed both in the 
creation of new surfaces and in plastic deformation in layers adjacent 
to the crack surfaces. Irwin used analytical results obtained by 
Westergaard [̂4-8] as a basis for modifying Griffith's theory and the 
result is often described in the fracture mechanics literature as the 
Griffith-Irwin theory. 
In the preceding discussion the applied load is assumed to be 
static in character; i.e., it does not vary with time. Cases in 
which the applied load is cyclic or varying with time can lead to 
fracture through fatigue. Fatigue in structures is a complex 
phenomenon. It may occur at relatively low stress levels, and can 
cause cracks which can propagate and produce catastrophic failure. 
Fatigue damage is irreversible in metals because it is associated with 
rupture of atomic bonds and results in the formation of cracks. The 
complexity of fatigue mechanism makes it very difficult to make 
predictions about its progress. Much, however, has been gained by 
studying the details of the fatigue process in metals. It has been 
observed that during fatigue in a structural metal the process may be 
divided into distinct stages. In the initial stage of the fatigue 
process in metals, microscopic slip bands are formed within the 
individual grains of the material. Minute cracks, which eventually 
join to produce major cracks, develop within the slip bands. The 
final phase of the fatigue process occurs when the propagation of 
major cracks results in catastrophic failure. 
12 
The final phases of the fatigue process are of primary concern 
to the engineers in the design, analysis, and inspection of structures. 
Fatigue cracks developed must "be contained within the structure 
without producing catastrophic failure, and this requires a thorough 
knowledge of the response of structures and materials to fatigue load-
ing environments. 
A rational, analytic application of fracture mechanics to 
crack propagation caused by sinusoidal loading has been proposed by 
Paris, et al.,[^9-51]. The relations proposed suggest that the local 
stress intensity determines the rate of growth of the crack. 
Unfortunately, each load cycle of a loading history can affect the 
crack propagation during subsequent load cycles. In other words, 
there is an interaction effect between load cycles; i.e., at a given 
time, the material has a memory of previous cycles. Since the proposed 
relation suggests that the rate of propagation depends only on the 
current stress state, it does not include history effects. 
From the preceding discussion it may be concluded that due to 
history effects it may be questionable to predict the crack rate under 
variable amplitude loading by use of growth rate data from constant 
amplitude loading. In addition, it is certainly clear that if a 
sheet with a hole or a crack has buckled or Is undergoing local 
vibration at a resonant frequency, the crack nucleation and crack 
extension behavior are going to be affected. This would be expected 
to be true under either a fixed in-plane load or under cyclic loading, 
because if out-of-plane deflection occurs, stresses will vary through 
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the thickness of the sheet and the analysis suggested by Irwin [̂-5] 
will not be applicable. 
Objectives 
The static, dynamic and fracture phenomena associated with the 
cutout problem were discussed in the preceding sections of this 
chapter. The primary objective of the present investigation is to 
study the buckling and vibration behavior of a thin sheet with an 
elliptical hole in a tensile field. The range of shapes included 
will vary between the circle and the crack. A common feature of 
these problems is the presence of a free edge with a compressive stress 
acting parallel to the edge. 
The analysis of the problems of interest can be simplified to 
some degree by the choice of the cutout shape. Since, an elliptical 
hole is used, the analysis can be most effectively accomplished by 
use of elliptic coordinates. The analytical procedure to be adopted 
for solving the buckling and the vibration problems of thin sheet with 
an elliptical hole in a tensile field will be to solve Karman plate 
equations under the assumption that for sufficiently small deflections 
the Gaussian curvature can be neglected. For convenience these 
equations will be expressed in terms of elliptic coordinates and the 
solution will proceed as follows: 
(l) The initial stress state will be determined. This 
computation can be carried out by application of the 
complex variable method. 
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(2) The equation corresponding to transverse equilibrium 
will then "be a partial differential equation with 
known coefficients which are functions of position. 
The vibration problem will be restricted to the case 
of a simple harmonic motion so time can be eliminated. 
(3) The equation from Step 2 will then be solved for both 
the buckling and vibration problems by the use of a 
generalized Galerkin procedure. 
As the behavior of the localized zone adjacent to the elliptic 
hole is of interest, the deflection function can then be chosen such 
that the maximum deflection occurs near the free edge of the hole and 
decreases as the distance from the hole increases. In addition to an 
area integral over the field around the hole, appropriate line integrals 
along boundaries having natural boundary conditions will be included. 
For the buckling problem the buckling loads (eigenvalues) and the 
buckling modes (eigenfunctions) will be obtained. For the vibration 
problem the frequencies (eigenvalues) and the vibration modes (eigen-
functions) will be determined. 
The usefulness of any analytical results depends upon the degree 
to which they describe actual behavior. Hence, the objective of the 
experimental work conducted is to study the buckling behavior and the 
vibration behavior of the localized zone adjacent to an elliptic hole in 
a thin sheet specimen in a tensile field. The shapes of holes included 




The Problem of In-Plane Loading 
In the derivation of elementary bending theory of plates a 
basic assumption is that the middle surface does not undergo any 
stretching due to bending. This assumption is valid only in a parti-
cular case in which the deflection surface is a developable surface. 
For the case in which stretching of the midsurface due to bending of 
the plate occurs, the additional stress can be significant when the 
deflection is moderately large (of the order of the plate thickness). 
The governing differential equations for a thin plate experiencing 
moderately large deflection [24] were first formulated by T. von Karman 
in 1910. These equations, which commonly bear his name (the Karman 
equations) , are expressions of the transverse equilibrium and of the 
in-plane compatibility of the plate. With the introduction of the 
Airy stress function, F, the in-plane compatibility equation for the 
case of constant plate thickness and non-in-plane body forces may be 
written in Cartesian coordinates as 
where 
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_jc _ 3 F y __ d F _ xy _ _ d F 
CTx~ j . " ^ 2 5 ° y ~ , " . 2 ' CTxy , _ . J 
t By t dx t dxdy 
the quant i t ies o" , a , a are the midsurface in-plane s t r e s ses , 
x ' Y xy 
R . N . N are the midsurface in-plane forces per unit length and w x? y3 xy 
is the transverse deflect ion. For the same case the equation of motion 
in the transverse di rect ion is 
k 
DV w = t 
2 2. 2 2 2 2 
2 2 " 2 2 J 
"t By dx dxBy dxdy dx dy 
(2) 
where 
12(1- v 2)' 
E is the Young's modulus, t is the plate thickness, v is the Poisson's 
ratio and q is the applied transverse force. Equations (l) and (2) 
are coupled in w and F and must "be solved simultaneously. Note, 
however, that if the Gaussian curvature (right side of Equation (l)) 
is zero, as is the case for "bending into a developable surface, the 
equations are uncoupled. 
The problems of interest in the present investigation involve 
non-uniform initial stress states in a multiply connected body. For 
the stress function formulation Equations (l) and (2) are not sufficient, 
and integral relations must be included to ensure single valued dis-
placements. A derivation of these relations for the nonlinear, coupled 
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problem has been given by Zielsdorff [8], 
In the present work it is assumed that deflections are small 
enough to neglect the nonlinear effect of middle surface stretching 
due to bending. By this procedure, Equations (l) and (2) are uncoupled 
and the solution proceeds by first determining the stress distribution 
and then solving Equation (2). 
Because of the geometry of the problem it is convenient to 
express Equation (2) in elliptic coordinates. To provide a more 
general development, however, the solution procedure will be developed 
first in terms of generalized orthogonal curvilinear coordinates. 
The Problem in Curvilinear Coordinates 
The problem of interest in the present investigation involves a 
sheet with an elliptic hole in a unidirectional tensile field. It 
is clear that an elliptic coordinate system would be most convenient 
in analyzing the problem. But before writing the governing equations 
in elliptic coordinates, the equations will first be presented in 
terms of generalized orthogonal curvilinear coordinate system. The 
resulting equation can then be converted into the special case of 
elliptic coordinates and the solution procedure follows. 
The equation of motion in transverse direction in curvilinear 
coordinates may be written as [52,53]> 
DV2V2w - N K - N0KD - 2 N K . - q = 0, (3) 





Figure 1. Orthogonal Curvilinear Coordinate Convention 
curvilinear coordinate system, q is the applied transverse load. The 
quantities N , N and N R are in-plane forces per unit length and 
those are defined as, 
N = a 
,Z2 Z2 r.Z2 
V^ \ = J V*5 % = " 
zl zl zl 
CTc3dz' 
while a , an and a _ are the in-plane stresses. K , Kn and K _ 
a' 3 c*3 -̂  a' 3 c*3 
are the local curvatures of the deformed surfaces, z_ " -t/2 and 
z = t/2. Also 
2 1 f d TB dwl _d_ TA SwTl 
V W " AB Ida LA dad + S3 LB ̂ ^Jj ' 
where, w is the transverse deflection and A, B are called the Lame 
parameters. In this development it is assumed that the edges of the 
plate are along lines of constant a or constant 3 a-n<i if ds is 
the differential length along an edge, either Ada = ds or Bd3 = ds. 
For "both the buckling and vibration problems Equation (3) is 
homogeneous and the boundary conditions are homogeneous. The 
homogeneous boundary conditions in the curvilinear coordinate system 
are given [52,53] in the following tabulation: 
Boundary Descriptions Boundary Conditions 
On a = Constant 
Clamped w = 0, w, = 0 
Hinged w = 0, f- M = 0 
Free ^ M = 0, N j w , + N w?D 
A oi a A 'a ag 'p 
+ (M f), +M \ k, v a A/'a oi 2 'a 
B>cv A>R 
M — — + 2(M ) , + 2 M —2- = 0 
p A v V e W A 
On p = Constant 
Clamped w = 0, w, = 0 
P 
Hinged w = 0, ^ M = 0 
B g 
Free f Mp = °> \ f W'B + H«p w>« 
A\ . „ A 
B 
A'R B'rv 
- M --£ + 2(M _ ) , + 2 M Q - ^ = 0 a B v «P"a ap B 
The corner condition is either 2 M = 0 or w = 0. 
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In the boundary conditions noted above, there are no applied edge 
bending moments or shear forces. In the above relations, the quantities 
M , M_ and M _ are defined as 
a' p ap 
M = - D(K + vKQ); MQ = a a p p D(K0 + vK ) and M _ v P o> ap 
= - D(l-v)K 
ap 
D is the plate bending rigidity and v is the Poisson's ratio. The 
curvature relations in orthogonal curvilinear coordinate system are 
K 
o> 
"1 j}_ /l dw\ + _1_ dA dw 
.A da \A da/ ' ^ 2 dp dpj 
K„ = "i a / i aw 





"1 _d_ /l dw 
.A da VB dp 
1 dA dw + 1 _d_ /l dw 
n2_ dp da B dp \A da 
AB 
dB dw" 
2 da dP. 
In applied mechanics i t is often necessary to find the solution 
of certain partial differential equations with known boundary conditions 
as in the present problems. Exact methods of solution are often very 
difficult, so a number of approximate methods of solution have been 
developed. For these particular problems, one method of solution 
utilizes the direct method of the calculus of variations through a 
Rayleigh-Ritz application of either the principle of stationery 
potential energy (for the static problem) or Hamilton's principle 
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(for the dynamic problem). This is perhaps the most obvious approximate 
solution procedure, and therefore the most well-known. For this reason 
it has been considered worthwhile to demonstrate an alternative 
solution procedure . The generalized Galerkin method is one such 
approximate method, and it will be used to obtain solutions to the 
present problems. The governing equation in the generalized Galerkin 
method may be written in the form [5^,55] 
a0 P, 
2 2 
D V V w 
N K - NQKQ - 2 N K Q - q ) AB6w da dp (k) a a 3 P ffP ffp 






M f] + M JL A , - MQ - ^ 
a A j > 0 ! a A2 a 3 A 
01 
+ 2 M ap/, P 








2 r r 
C* 
1 h ai 
1 ( M P | ) , 3
+ M P ^ B ' 
A 'R / \ B ' ( 
- M —^- + 2 M Q + 2 M a -==• + jjr £ w, n 
a B \ a p / , a cvp B p B Jp 
CkV 
+ N Q w, ^ 6w cvB a 
p2-
dor • • 2 M n 6w ap 
"2 h 
3 l " c *1 Pi 
= 0 
* The modified Galerkin solution technique used here is particularly 
useful in problems in which the governing equations can not be 
derived from a functional by the application of variational principle. 
where 6 represents the variation of the indicated quantities [5^*55]• 
j a , p and p are the limits of integration for an area element a 
in the of and p coordinate plane. Equation (k) can be simplified 
for certain coordinate systems. For example, in an elliptic coordinate 
system if constant a curves are identified as the closed ellipses 
then for any continuous functions F(a, p) the integrands of such terms 
as 
Oi, 
\ F(a,e) da 
<y. 
are zero, because in completing a circuit around the closed curve, 
F(Q',3-1) = F'cy,(3 ); in fact on a constant oi curve in the elliptic 
coordinate system F(a,p,) = F(a,31 + 2TT) . Then 
f2 J " 2 (D v2'2w - V « " V e -2 V«z -q) ffi 6W to dp 
°1 p l 
(5) 







"R\ "R ^ ' rv 
M ~M + M 4-
 A » " MQ - ~ 
aAj><y a A 2 * 3 A 
+ 2 ( M Q ) , + 2 M Q - ^ - + N !• w, + N w v a ? 3 " p ag A a A or ap ' 0 
a, 
} 6w ] dp = 
a. 
2k 





(*,P) = I I cp (*,P) A.. 
i = l j = l 
where the cp . . ' s s a t i s f y the geometr ic boundary c o n d i t i o n s . Taking 
-'-J 
a v a r i a t i o n on w (aa(3) g ives 
M N 
5WMN ( * > P ) = I I Vu(°>V 5A. i j 
i = l j = l 
The 6A. . T s are a r b i t r a r y and the cp. . ' s a re independent of each o ther , 
S u b s t i t u t i n g the d e f l e c t i o n funct ion i n t o Equation (5 ) ? t he fol lowing 
se t of M x I e q u a t i o n s , homogeneous and l i n e a r i n the A . . ' s i s 
i j 
obta ined . 
0! 
L(WMET) f±i ^ da d P 
'M £ 3 c P i 






+ ! ( M 7 ) + M \ A, - M Q - ^ + 2 ( M Q ) } Q + 2 M Q - ^ L l \ a A /9a a 2 'a 3 A v ^ 3 / ? 3 oi$ A 
a 
+ N I w, + N n w,_\ c 
a A ' a ffB PJ i j 
2 _ 
dp = 0 
Of-
where, i = 1, 2, . . . , M 
j = 1, 2, . . . , N 
In these equations, 
L(WfflJ) = D v V wMH - »„ (Ka)m - Wg (Kp)MH - 2N (K ^ - ( ^ 
and 
" o r = " D [(VMH + v(VMN . , etc, 
and (K ),,„, etc. involve derivatives of the dependent variable 
v or Mir 
w (CY,(3). In Equation (6), the buckling problem will correspond to 
the case where q = 0. The vibration problem will correspond to the 
case where q is the transverse inertial force of vibration. The 
details of the solution procedure are described in Chapter III. 
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CHAPTER III 
SOLUTION TO THE SUBJECT PROBLEM 
Statement of the Problem 
In the previous chapter, the Karman plate equations and 
derivation of the Galerkin method in generalized orthogonal curvilinear 
coordinate systems were presented. The problem under consideration is 
the buckling and vibration behavior of a thin sheet with an elliptic 
hole in a tensile field. The analytical procedure is to uncouple the 
Karman plate equations in the curvilinear coordinate system under the 
assumption that for sufficiently small deflections the stretching of 
the midsurface due to bending can be neglected. Since the plate 
transverse equilibrium equation contains the In-plane stresses, the 
first step is to determine the in-plane stress distribution in the 
field around the hole. The equation corresponding to transverse 
equilibrium is then a partial differential equation with coefficients 
which are known functions of position and time. In the vibration 
problem, if the motion is considered to be simple harmonic for the 
linearized problem, then time can be eliminated, and the inertia term 
appears as a transverse load. For the buckling problem, the inertia 
term is not present. The equations for the above problems can then 
be solved by the generalized Galerkin method. 
The behavior of interest is in a localized zone adjacent to 
the hole, and for convenience the plate is considered to be very 
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large compared to the hole dimensions. The deflection function can be 
chosen such that the maximum deflection occurs near the free edge of 
the hole and goes to zero as the distance from the hole becomes 
unbounded. In addition to the integral over the field around the hole, 
the appropriate line integrals along the boundary of the hole must be 
included. Since the edge of the hole is free of traction, the 
integrands of the line integrals are those associated with natural 
boundary conditions. 
Since the shape of the hole in the present problem is elliptic, 
the curvilinear coordinate system is taken as elliptic. The formula-
tion of the stress distribution problem in the elliptic coordinate 
system is presented in the subsequent section. 
The Stress Distribution in an Infinite 
Plate with an Elliptic Hole 
Kolosoff's Equations 
In the previous section, the features of the problem in the 
present investigation were discussed. This section will examine the 
stress distribution portion of the problem. 
The stress distribution in an infinite plate having an internal 
hole can be determined efficiently by use of the complex variable 
formulation of elasticity [56-61]. The development proceeds with the 
determination of the complex potential functions of Kolosoff's 
equations. The stress solution can be expressed either in terms of 
components in a Cartesian coordinate system or, if more convenient, 
in an orthogonal curvilinear coordinate system. The Kolosoff's 
equations in Cartesian coordinates are written as: 
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o- + a = 2 \|r'(z) + 2 5J'(z) = h Re ^'(z ) (l) 
x y 
CJ - a + 2 ia = 2[z f(z) + X"(z)L (2) 
where z = x + iy, 
and ijf(z), x(z) a r e complex potential functions which must be 
determined for each problem. 
In the curvilinear coordinate system of Figure 2, 
cr = the normal stress component on a curve of § = constant, 
cr = the normal stress component on a curve of T| = constant, 
o~ = a = the shear stress components. 
It is shown in elementary strength of materials that if X and Y 
are the components of stress acting on the side BC of the prismatic 
element OBC, Figure 33 then from the equilibrium of the prismatic 
element, 
X = I a + TOG , 
x xyJ 
Y = mcr + & G , 
y xy5 
where t = cos 9, 
and m = sin 
2 2 
Also, G = G cos 9 + CT sin 9 + 2 G sin 9 cos 9 , 
x y xy 
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Figure 2. Stress Nomenclature 
Figure 3» Stress Acting on a Prismatic Element 
Figure k. Curvilinear Coordinates 
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and S = CT cos 2 0 + (CT - CT ) s i n 9 cos 0 . 
xy y x 
w h e r e , c and S a r e t h e n o r m a l and s h e a r i n g components o f s t r e s s on 
t h e p l a n e BC. Us ing t h e a b o v e , 
ov = ^(cr + o ) + 4(CT - CT ) cos 2 0 + CT s i n 2 0 , 
§ ^ x y ^v x y xy 
cr,_„ = - -|(CT - CT ) s i n 2 0 + CT cos 2 0 . 
5J1 ^ v x yy xy 
R e p l a c i n g 0 by TT/2 + 0 , 
tf-n = 2"(c + CT ) - 4 ( a - CT ) cos 2 0 - CT s i n 2 0 , 7] x yy ^ x yy xy 
From t h e s e t h e f o l l o w i n g r e l a t i o n s a r e o b t a i n e d : 
Gg+GT\=°x+ V ( 3 ) 
CT - CT + 2 iCT.„ = e 2 l 9 ( C T - o + 2 i j ) , (h) 
T| § ^ v y x x y ' 5 
where 0 is the angle indicated in Figure ^ . Finally, Kolsoff's 
equations in the curvilinear coordinate system may be written in the 
form 
CT + CT^ = 2 [i|r'(z) + ?'(£)] = k Re ^'(z) (5) 
CT^ " a § + 2 i C T p = 2 e
2 i 9 [ i f ( z ) + x " ( z ) ] . (6) 
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The Elliptic Coordinate System 
In the previous section, Kolosoff's equations in both the 
Cartesian and the curvilinear coordinate systems have been described. 
Since the natural boundary of the hole in the present problem is 
elliptic, it will be convenient to solve the problem in the elliptic 
coordinate system. The curvilinear coordinate system § - T\ of the 
previous section will be interpreted here as an elliptic coordinate 
system (Figure 5)• 
Define, z = h cosh $ , 
whe re z = x + iy and $ = 5 + iT|. 
Substituting and equating real and imaginary parts, we get, 
x = h cosh 5 cos T| , (7) 
and y = h sinh § sin 7]. 
Eliminating 7] from Equation (7) yields 
2 2 
x y , • 
+ si = I 2 2 2 2 
h cosh I h sinh £ 
If 5 i-s constant, this is the equation of an ellipse with 
semiaxes 
a = h cosh ̂  and b = h sinh 5 
with foci at x = ± h. For different values of £ w e obtain different 
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Figure 5. Elliptic Coordinate System 
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e l l i p s e s wi th the same f o c i ; t h a t i s , a family of confocal e l l i p s e s . 
I t may be noted t h a t on any of t he se e l l i p s e s § i s cons tant and T\ 
v a r i e s through from zero t o 2TT. 
By e l i m i n a t i n g § from Equation (7 ) 3 
2 2 
y = 1 . 
2 2 2 2 
h cos T| h s i n 7} 
For a constant value of T| this represents a hyperbola having 
the same foci as the ellipse. The above equation represents a family 
of confocal hyperbolas, on any of which 7] is constant and § varies, 
The coordinate system thus generated is called elliptic. 
The coordinate F> is constant and equal to § on an ellipse 
of semiaxes h cosh F , h sinh F . If the semiaxes are given as a 
^o? 5o 
and b, then h and F can be found from 
h cosh F = a and h sinh F = b. Do ô 
It follows that if one member of the family of ellipses is given, the 
whole family of ellipses and also the family of hyperbolas are defined, 
If ^ is very small the corresponding ellipse Is very slender, and 
in the limit F> -* 0, it becomes a line of length 2h joining the foci. 
Taking larger and larger positive values of § , the ellipse becomes 
larger and larger, approaching a circle. 
3h 
E l l i p t i c Hole in a P l a t e Under Simple Tension 
The problem of i n t e r e s t may be r ep re sen t ed as an i n f i n i t e p l a t e 
in a s t a t e of simple t e n s i l e s t r e s s , P, i n a d i r e c t i o n a t an angle y 
above t h e p o s i t i v e x -ax i s (Figure 6 ) . An e l l i p t i c h o l e , wi th i t s 
major ax i s along the x -ax i s i s p o s i t i o n e d as shown. The case of an 
e l l i p t i c hole wi th major ax i s pe rpend icu l a r t o t h e app l i ed t e n s i o n 
(Y = TT/2) de sc r ibes the problem of i n t e r e s t . Let ox 7 , o y ' be 
Car tes ian axes ob ta ined by r o t a t i n g ox through the angle y so as 
to b r i n g i t p a r a l l e l t o t he t e n s i o n P. Then by Equations (3) and (h) 
o" / + a / = a + a , x y x y 
2iv and CT/-CT/+21cr//=e (cr - cr + 2 icr ) 
y x x y y x xy' 
Since a t i n f i n i t y 
o" / = P and cr / = CJ / / = 0 . 
x y x y 
we have 
-2 iv cr + a = P and a - cr + 2 i c r = - P e ' x y y x xy 
at i n f i n i t y . Then by Equations ( l ) and ( 2 ) , 
1+ Re i|f'(z) = P and 2[z f (z) + x " U ) ] = - P e " 2 l Y 
at i n f i n i t y . 
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y y 
Figure 6. E l l i p t i c Hole in an Inf in i te Plate 
Under Uniform Tensile Stress 
71 = TT/2 
Figure 7* Elliptic Coordinate Nomenclature 
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At the boundary of the hole £ = § , we must have cr = cr = 0. 
All these boundary conditions can be satisfied by taking \|r(z) and 
x(z) in the forms 
k \|r(z) = Ah cosh $ + Bh sinh $, 
2 2 2 
and 4 x(z) = Gh $ + Dh cosh 2 $ + Eh sinh 2$ , 
where A, B, C, D, E are constants to be determined. The constants 
are [6l] 
25 o A = P e cos 2y 9 
2.1 -2iy 
B = P(l - e ° ) 
C = - P(cosh 2§ - cos 2y) 
25 
D = - \ Pe ° cosh 2(5 + iy) , 
2§ 
and E = •§- Pe ° sinh2(^ + iy) • 
The complex potential functions are consequently, 
2§Q 2§ + 2iy 
U\|r(z) = Ph[e cos 2y cosh $ + (l - e ) sinh$] , (8) 
and 
2? 
^x(z) = - Ph [(cosh 2§ - cos 2y)§ + Je . cosh 2(§ - 5 - iy)] (9) 
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where 
dz z = h cosh $, $ = £ + iTj and — = h s inh 
In the p r e sen t case , y = I T / 2 , hence 
2? 2§ 
lHj(z) = Ph[-e ° cosh $ + ( l + e °) s inh $] , (10) 
and 
2§ 
i+x(z) = - Ph2[(cosh 25 + 1)$ + i« ° cosh (2$ - 2? - in)] , (ll) 
where 5 = § is the "boundary of the elliptic hole where o = cr_ - 0. 
For a given elliptical hole a and b are known. From this h 
/ 2 2~~ 
can be computed as h = / a - b . Also | can be determined from 
the relation tanh ? = b/a. 
^o ' 
The s t r e s s components in e l l i p t i c coord ina tes are obta ined by 
i n s e r t i n g Equat ions (10) and ( l l ) i n t o Kolosof f ' s Equat ions (5) and (6) 
and s e p a r a t i n g the r e a l and imaginary p a r t s . The r e s u l t s can be 
w r i t t e n as 
c^Cs/n) = ^ ( 5 ^ ) , (12) 
and a§Tl(^?ll) = Pf3(S,Tl) 
In these expressions P represents the uniform tensile stress applied 
at infinity, and the nondimensional spatial functions f,, f„ and f 
are given in Appendix A. It should also be noted that the elliptic 
coordinates § and 7] are nondimensional. 
The Buckling and Vibration Problems 
The analysis for determining the in-plane stress distribution 
in the field around the elliptic hole in an infinite plate under tension 
has been presented in the previous section. The equations governing 
the buckling and the vibration behavior of the tensioned sheet will be 
developed In this section. The generalized Galerkin method in a 
curvilinear orthogonal coordinate system as described in Chapter II 
will be used for the development. The elliptic coordinate system will 
be applied as a special case of the curvilinear coordinate system. 
Referring to the Figure 5? let oi = £ and let (3=7]. In this 
system a constant value of £ corresponds to an ellipse. Here £, T| 
are consequently the coordinates of the elliptic coordinate system 
shown in Figure 5 • 
From Equation (6) of Chapter II, the governing equations are 
5 0 ^o 1 >2 
ti tj 
'2 
§ A 3? 
2 JW r '2 r B Sep. P 2 r 2 r r / R \ 
^ V ^ ****** - J K A -#} \ **+1 [{(«* IL («) 5 V,5 
5i \ \ ?i \ 
^^r^^^N^ii1 A 
+ N | w + N w }cp I
 2 ] d ^ = 0 , 




i = 1 , 2 , . . . , i , 
D = 1 , 2 , . . . , N, 
L(wm) = DV
2V\̂  - Yh]m " W M * ' 2 W * N - ^m > 
\ = - D ^ V M N + ^VMN ] ' e t c ' 
(q) i s z e r o i n t h e b u c k l i n g p r o b l e m and i t i s t h e i n e r t i a l l o a d i n t h e 
v i b r a t i o n p r o b l e m . (K ) , e t c . i n v o l v e d e r i v a t i v e s of t h e d e p e n d e n t 
v a r i a b l e w (§,T]) . I n a d d i t i o n , 
A = B = -pr ( c o s h 2^ - cos 2T1)2, 
. 2 . 2 
2 
V w = .2 + ZJ) w '• h ( c o s h 2.1 - cos 21]) d^ BT] 
2 2 lj-
V V w = - j p - 2 
h ^ 
_-A 1+ U 2 2 1 , 
w 3 w \ V 5 w 3 w V c o s h 45 - COS41]\ 
V32 + " 2 A . 2 ; 
d§ dT] ^ 0 
"T + 2 2 2 T T 
a§ ara i f aTf 
3 3 
ij. [ L i t + s w 
3.. .3 , \ s i n h 2g , ^d w d^w \ s i n 2T] " 
3 2/ ' \ 3 2 ) 
^ asair ^2 a r diidr ^2 
where 
I = (cosh 25 - cos 2TH. 
A l s o , 
K„ 
2 T s i n 2T] — - s i n h 2§ ^ + 2 - E ( c o s h 2£ - cos 2T])] 
J : dT] ae; a r 
2 2 
h ( c o s h 2£ - cos 2Tl) 
- s i n 2T| — + s i n h 2£ ~ + ^ ( c o s h 2§ - cos 21]) 
\ 
M i l ai 
h 2 ( c o s h 2§ - cos 211 ) 2 
and 
' s i n h 2 g 2 2 : + s i n 2T] — - - ^ ( c o s h 2£ - cos 2T\) 
K 
?11 
M 55 b&7\ 
h 2 ( c o s h 21 - cos 2T])2 
The m o m e n t - c u r v a t u r e r e l a t i o n s a r e 
M. 
22D [Sfw + c^w _ 
h2(cosh 2^ - cos 2T|) Ld§2 ST] (cosh 2§ - cos 27]) S? 
( l - v ) s i n h 2§ Sw 
+ ( l - v ) s i n 2T1 dw 1 
( cosh 2£ - cos 2T]) ST] 
-2D 
h ( c o s h 2§ - cos 2T]) 
2 2 
5 w d w _ ( l - y ) s i n h 2^ Sw 
' d £ 2 ST]2 ( c o s h 25 - cos 2T|) S^ 
( l - y ) s i n 2T] dw 




M, ZT\ 15 ^ r n , OP _ _ o ^ 2 K ' 9T] h (cosh 25 - cos 2T|) de; 
' 3 w s i n 2T] + f | s inh 2^ 
2 
(cosh 21 - cos 2T]) 
>§dTl 
Equat ion (13) r e p r e s e n t s a s e t of M x l independent , l i n e a r and 
homogeneous equa t ions in A . . . 
If simple harmonic motion i s assumed in the v i b r a t i o n problem 
then the d e f l e c t i o n funct ion W can be w r i t t e n as 
W ( 5 , T 1 , T ) = w(?,T])e1 ,nT 
The i n e r t i a l load i s then 
ptW 2 
q = - ^— = pTuu w , 
l C J D T r 
e 
where T i s t i m e , 
p i s mass d e n s i t y of the p l a t e , 
t i s p l a t e t h i c k n e s s , 
W r e p r e s e n t s the second d e r i v a t i v e of W 
wi th r e spec t t o t ime , 
and ou is the natural frequency of vibration of the plate 
It was noted earlier that the deflection function, W(E;,T]), can 
be chosen such that the maximum deflection occurs near the free edge 
of the hole and goes to zero as the distance from the hole becomes 
k2 
unbounded. A detailed discussion of w(^,T]), which is a function of the 
space variables only, will be presented in a subsequent section. 
Referring to Figure 7 and Equation (13), £ varies from 
5; = E; (edge of the elliptic hole) to an outer boundary at § = 5 . 
Due to the symmetry of the elliptic hole about both the x-and y-axis, 
only one quadrant of the coordinate space needs to be considered. 
Hence, T| will range from TU = 0 to 1] = rr/2. In the numerical 
integration, the upper limit • £ of the area integral can be taken 
as some finite number which is large compared to the dimension of the 
elliptic hole. It is finally possible to write Equation (13) as 
TT / 2 TT /a 
^V'iJ m d? d^ " 
SfP 
M m ? A 3? J a-q (11+) 
TT / 2 
\(K -^) + M -4r A, - ]VL - ^ + 2(M ) + 2 M — 
+ ]\T — w, + N w, V cp. . 
\ A ' I T H 'T)J T i j 
'2-, 
IT] = 0. 
whe re 
L(wm ) = DV
2V2Wm - N 5 ( K ? ) m - ^ ( ^ ) m - 2 N p ( K ^ ) M N - p t t t )
2
 WfflJ. 
Note that, on § = § (edge of the elliptic hole), N = 0 and 
N = 0 . As mentioned earlier, 
M N 
W ^ > = I I Aid 9iJ ( ^ 
i-l j=l 
After substituting the above w,̂ T and selecting a form for 
P̂..(§,T|)j the indicated integrations in Equation (lk) can be performed, 
-'•J 
The f ina l form of Equation (lk) represents a set of M x l independent, 
l inear and homogenous equations in the A . . ' s . The above equations can 
be conveniently wri t ten in a matrix notation as 
[ H - * M -n H ] W= ° ' (15) 
where 
A > is a column matrix which contains the A..'s and is of the order 
• ' (M x N) x 1, ia 
| B, , I B and B are square matrices of the order (M X N) X (M X N ) , 
In Equation (15) A. = P t h /D, SO that A. is defined as a nondimen-
sional load parameter. In this definition 
P is applied uniform tensile stress, 
D is flexural rigidity of the plate. 
In addition Q is defined as the nondimensional frequency parameter 
2 k, 
Q = p t a) h /D. 
kh 
The Buckling Problem 
Equation (15) includes as special cases the buckling and vibra-
tion problems. For the case of buckling, the inertia term represented 
by the nondimensional frequency parameter, Q , is absent. The equation 
governing the static buckling problem is then 
- X '_ {AJ = o, (16) 
or. 
[BJ {AJ = x [B2] {AJ (17) 
Equation (1.7) can be written as 
LB2j V = t IV ' 
or [\] iAi} = r K) • (18) 
Equation (18) represents an eigenvalue problem, where the 
elements of lA., r are the eigenvectors and the \'s are eigenvalues. 
Equation (l8) can be solved for the eigenvalues and corresponding 
eigenvectors by matrix iteration [66]. The first iteration of 
Equation (l8) will converge to the largest value of X which 
corresponds to the lowest buckling load. The corresponding eigenvectors 
(mode shape) are also obtained as jA.. V . 
h5 
The V i b r a t i o n Problem 
Equation (15) can a l s o be used for t h e v i b r a t i o n problem of the 
p r e sen t i n v e s t i g a t i o n . The aim i s t o ob t a in the n a t u r a l frequency 
of the f ree v i b r a t i o n for d i f f e r e n t va lues of t e n s i l e load . For a given 
value of X , Equat ion (15) can be w r i t t e n as 
Br 5J 1 1 
A n Y = Q 
LB3. V ' (19) 
where 
L 5J 
( M x N ) x (M x N) . 
i s a square ma t r i x B. - X H] of t h e order 
Equat ion (19) can be w r i t t e n as 
_ _ - l 
L 5. 
n r 
i A i = u \An 
M W • u W (20) 
For a given value of X (corresponding to the applied tension) 
Equation (20) is an eigenvalue problem. Matrix iteration can again be 
employed to obtain the eigenvalues (frequencies of vibration) and the 
eigenvectors (mode shapes). The first iteration of Equation (20) will 
-1 
converge to the largest value of Q which corresponds the lowest 
natural frequency. The corresponding eigenvectors can then be obtained 
as -JA., j- . In this manner the natural frequency of vibration and the 
he 
corresponding mode shape can "be obtained for different values of X. 
Note that the value of X corresponding to the lowest eigenvalue for 
buckling causes Q in Equation (15) to be zero. 
The Deflection Function 
The choice of a deflection function is usually made to satisfy 
the geometric boundary conditions. The natural boundary conditions 
are generally more difficult to satisfy and often functions which are 
selected do not satisfy them. In some approximate methods of solution, 
only geometric boundary conditions need to be satisfied. Naturally, 
the solution constructed improves if the approximate functions also 
satisfy the natural boundary conditions. 
In the problem of interest here It is desirable to be able to 
represent the solution by a sum of linearly independent functions 
which are given. Developments of this type are discussed in references 
[62-65]. It Is known that a set of orthonormal functions cp.(x) can 
be used to represent a function f(x) as 
n 
f(x) = Y a cp (x), 
L 1 J- -L 
i=l 
where the coefficients a. are constants. The mathematical problem 
here is to establish how good this representation is. If a good 
representation is desired, then it is necessary for the orthonormal set 
to be complete. The orthonormal set is said to be complete if for each 
function f(x) over x < x <* x and e > o, there exist an index n 
7̂ 
such that [6U] 
n 
f(x) - £ a± cp±(x) dx < e 
i=l 
For a complete orthonormal system of functions, it has been shown that 
[63-6U] 
f cp (x) dx. 
X. 
1 
In some instances it is necessary to use sets which have not 
been orthonormalized. The concept of conpleteness can also be used 
in this case. According to Courant and Hilbert [63]3 
The concept of completeness of a linearly independent system 
of functions retains Its meaning even if the system is not 
orthonormal. In general, we call a system of functions com-
plete if every piecewise continuous function can be approxi-
mated In the mean arbitrarily closely by a linear combina-
tion of functions of the system. The completeness of such 
a system is preserved under the process of orthogonalization. 
The above discussion on the nature of the approximate functions 
refers to one dimensional function space. Without loss of generality, 
the same discussion can be extended to two or many dimensional 
function space. 
In the subsequent discussion the two dimensional plate deflection 
function is the solution function. Let w(£,T]) be the deflection 
function which is continuous in §, T] in a given region. Then 
w(§,T|) can be approximated in the function space as a linear combination 
of cp. . 's. Hence. 
M N 
w 
MN (5,T1) = I I A ^ c p . . ^ ) , (21) 
i=l j=l 
in the given interval. Here, the cp..!s are a set of linearly indepen-
-J-J 
dent functions in the function space in the given interval and the 
A..Ts are the expansion coefficients. Let cp..(§,7]) be expressed in the 
-LJ It) 
form 
cp..(|,7l) = f±^)&AT\), 
with i = 1, 2, ... , M and j = 1, 2, ... , N. In the development 
to follow both the f.(|) and the g. (T|) are chosen to form linearly 
independent sets. 
If M and N are taken as infinite, an exact representation 
of w(£,7]) in the form of Equation (21) is obtained if the cp. . fs form 
a complete set in the function space of the relevant interval. For 
practical engineering problems, however, M and N usually are taken 
as finite numbers. In the use of a representation such as Equation (21), 
the knowledge that the cp..Ts form a complete set is useful because 
one can then be confident that if a sufficient number of terms are 
used, a good representation can be expected. 
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It is known that completeness can often be difficult to 
demonstrate. Also, since the existence of completeness does not, in 
itself, ensure that convergence will "be rapid, an alternate procedure 
for evaluating computational results is desirable. For example, a 
procedure for obtaining upper and lower bounds might be developed. 
Correlation with experimental results can also provide a basis for 
evaluating the compuational results. In the investigation described 
here, an experimental program was conducted to provide data for 
evaluating the analytical results. 
The selection of sets of approximation functions was influenced 
by the factors discussed above. In particular, it was found convenient 
to select a set of g.(7])'s which both possess the property of ortho-
j 
gonality on the given interval and is known to be complete. For the 
f.(§) a linearly independent set which does not possess the orthogonality 
property was chosen. No attempt is made to prove completeness for this 
set. Note, however, that since the form of the nth function is known 
for both the f. and the g., a systematic basis for developing a 
solution is established, and as many terms as desired can be used. 
In the problem under investigation, the deflection function is 
approximated in the form of Equation (21), 
M N 
wMN(̂ n) = Y I A^cp..^). 
i=l j=l 
The cp..(̂ jT|) are chosen such that the maximum deflection occurs near 
the edge of the hole (̂  = § ) and the deflection and its derivatives 
tend to zero as 5 becomes "unbounded. As mentioned earlier cp. . (£,T|) 
-LJ 
can be represented in the form 
9iJ(5,Tl) = fjL(?)gj(Tl), 
with i = 1, 2, . .., M and j = 1,2,..., N. The form of f.(^) 
and g.(Tl) will be discussed separately. 
J 
A form is f.(§) = ($0/t>)
± with i = 1,2,3,..., M, 
where 5 = 5 represents the edge of the hole. Each term in the 
above form of f.(§) is linearly independent with respect to all others 
(Appendix B). f.(§) attains its maximum value at the free edge of 
the hole and tends to zero as 5 becomes unbounded. Convergence 
becomes very slow for the above form of f.(5) when the elliptical hole 
is narrow; i.e., when 5 < < 1. The function is however satisfactory 
when the ellipse approaches the circle. 
In order to eliminate the limitations associated with the above 
form of f.(§) other possibilities were considered. One which appeared 
to eliminate the difficulty cited above was examined and finally 
adopted. It has the form 
f\(?) = e - 1 5 
with i = 1,2,3? ...? M. This form of f.(?) again satisfies the 
requirement that the maximum value of f.(^) is obtained at the free 
edge of the hole ( 5 = 5 ) and it goes to zero as § becomes unbounded. 
Again, each term in the above form of f.(5) can be shown to be linearly 
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independent with respect to all others (Appendix B). 
The forms of g.(T|) selected are trigonometric sine and cosine 
u 
terms. Different forms of g.(T|) are listed "below depending on the 
j 
symmetry and antisymmetry about t he x-y axes . 
For symmetry about x-and y - a x e s , 
g (71) = cos 2jT] wi th j = 0 , 1 , 2 , 3 , . . . , N 
j 
For symmetry about x - a x i s and antisymmetry about y - a x i s , 
g (71) = cos (2j + 1)11 wi th j = 0,1,2,3, . . . , N 
For symmetry about y - a x i s and antisymmetry about x - a x i s , 
g (71) = s i n (2j + 1)71 wi th j = 0 , 1 , 2 , 3 , . . . , N 
For antisymmetry about x-and y - a x i s , 
g (71) = s i n 2j71 wi th J = 1 , 2 , 3 , . . . , N 
u 
It should be noted that the terms g. (f|) are linearly indepen-
dent of one another. They also possess the property of orthogonality on 
the given interval and they are known to form a complete set when N 
is infinite. 
CHAPTER IV 
EXPERIMENTAL AND ANALYTICAL RESULTS 
Introduction 
In the previous chapter, the equations governing the buckling 
and vibration behavior of a thin tensioned sheet with an elliptic hole 
were described. The choice of approximate deflection functions for the 
problems was discussed, and the solution procedure of the resulting 
eigenvalue problems was described. This chapter will be devoted to a 
presentation of the experimental and analytical results obtained for 
the buckling and the vibration problems. 
The Buckling Problem 
Experimental Results 
The usefulness of any analytical result depends upon the degree 
to which it describes the actual behavior. Hence, the experimental 
program was designed to provide data from which buckling loads could 
be estimated. 
The use of a specimen whose width and length are much larger 
than the hole dimensions would be desirable. The stress distribution 
on such a specimen would very nearly be that determined for the 
corresponding infinite sheet. This latter distribution is available 
from the results of Chapter III. A review of the photoelastic results 
of Durelli [58] for finite width sheets with elliptic holes suggests 
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that a hole length to sheet width ratio of 0.1 or less would be 
desirable if the infinite sheet analysis is used to compute the stresses. 
The difficulties associated with applying uniform traction to 
very wide specimens and the need to be able to achieve loads up to the 
buckling load without exceeding the elastic limit at the stress concen-
tration caused the ratio value of 0.1 to be impractical. After a 
consideration of these factors, a hole length to sheet width ratio of 
0.25 was adopted for all the hole geometries. Durelli did not present 
results for the entire stress field. The results presented, however, 
suggest that the difference between the stress distribution in the 
infinite sheet and the finite sheet increases as the ratio of the minor 
axis to the major axis of the ellipse decreases. The approximate nature 
of the stress analysis applied must, therefore, be kept in mind when 
results for the buckling and vibration problem are evaluated. 
The specimens were made from 0.025 inch thick sheet of aluminum 
alloy, Alclad 202U-T3. End plates made of 0.375 inch thick bar stock of 
2024-T4 aluminum alloy were bonded on both faces of the sheet with a 
room temperature curing epoxy. Two dowel pins were used at each end to 
assure proper alignment of the end plates on the sheet. The elliptic 
holes were made in the specimens using a numerically controlled milling 
machine which produced hole contours which were within 0.005 inch of 
the specified dimensions. The major axis of the elliptic hole was three 
inches and the minor axis was adjusted to provide the hole shapes 
desired. A typical specimen is illustrated in Figure 8. 
Each specimen was loaded in an Instron testing machine and the 
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Figure 8. Typical Plate Specimen 
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description of the response of the specimen to load. The proportional 
limit loads of the specimens were calculated from a knowledge of stress 
concentration factors and the material properties. Buckling load 
estimates were based on data obtained within the elastic range. 
For analyzing the experimental results some measure of the 
lateral deflection of the free edge of the elliptic hole was required. 
Any quantity which provides a measure of the deflection is suitable. 
In the present case, a bending strain measurement was made because it 
was relatively easy to obtain. The bending strain is linearly propor-
tional to the curvature which provides a local measurement of relative 
deflection. The bending strain was measured by use of electrical 
resistance strain gages which had a gage length of 0.25 inch. The gages 
were mounted back to back and centered on the specimen as close to the 
slot edge as practical. The strain sensitive direction was oriented 
prependicular to the direction of loading. The strain gage circuit 
was arranged to measure the difference of the two gage outputs. Actually, 
the difference of the two gages was twice the bending strain. The 
applied load and strain difference data for the different hole shapes 
considered are tabulated in Appendix C. 
Estimation of the Buckling Loads from Experimental Data 
One of the methods for estimating buckling loads from load vs 
deflection data is the Southwell method. If appropriate conditions are 
satisfied, the nonlinear, coupled governing equations can be replaced by 
a set of linear, uncoupled equations, and then a Southwell type deflec-
tion-load relationship can be derived. The applicability of the South-
well method of structural plate elements depends upon the degree to 
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which the bent surface approaches a developable surface, the magnitude 
of the deflection, and the eigenvalue separation for the corresponding 
perfect plate problem [8,67]. If the amount of stiffening due to 
middle surface stretching is monitored in a plate experiment, the 
Southwell method can be applied. The final results can be given as a 
linear plot of w/x versus w at a point on the plate, where w is the 
lateral deflection and X is the load intensity. 
In some instances the deflection behavior is erratic at small 
test loads. This type of behavior is common during the initial 
application of load in many structural experiments. To eliminate this 
behavior Lundquist [68] proposed a modified Southwell plot which tends 
to eliminate this erratic initial behavior. 
A Lundquist type relation can be obtained in the same manner as 
the Southwell relation. The Southwell relation has the form 
X l ^ = w + G > 
and the plotted variables are (w/x) and w. In a modified form of the 
Lundquist type, the relation is 
X, - X 
_ w - w -, 
o 
•1 0/ L x - x̂ _ 
o 
= ( w - w ) + d . 
In these equations c and d are measures of the initial imperfections. 
X-, is the first eigenvalue for the corresponding perfect plate problem 
[8,67]. In the latter relation the plotted variables are (w - w )/(X - X ) 
and (w - w ). X and w are arbitrary initial values of load and 
deflection selected to eliminate the erratic initial behavior of the 
load vs deflection response. 
If twice the bending strain is defined as Ae> and P is the 
applied load, then the corresponding variables plotted are 
Ae - AeQ 
p , P — a n d (As " A e 0) ' 
o 
The inverse of the slope of the line obtained may then be identified as 
the magnitude of (P - P ) where P is the value corresponding to the 
smallest eigenvalue. A detailed discussion of the Southwell method and 
its applicability in plate stability problems is discussed by Carlson 
and Datta [67] and Zielsdorff in his Ph.D. thesis [8], 
Lundquist plots of the data obtained for the four elliptical 
shapes tested are presented in Figures 9? 10 9 11, and 12. It may be 
noted that the data points lie below the plotted lines for the larger 
values of strain difference in each plot. This behavior reflects 
stiffening (for a given (Ae - Ae ) the value of (Ae - Ae )/(P - P ) 
decreases) which accompanies middle surface stretching due to bending. 
This effect and its consequences will be discussed in Chapter V. 
The experimentally determined buckling stress estimates for all 
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Figure 11. Lundquist Plot for "b/a = 0.6 
(Ae - Ae ), 10 inch/inch 
Figure 12. Lundquist Plot for b/a =0.8 
Table 1. Experimental Buckling Stress Estimates 
b/a 0.2 O.k 0.6 0.8 
Buckling Stress (psi) 3900 ^600 5300 58OO 
Analytical Results 
The equation governing the buckling behavior is presented as 
Equation (18) of the previous chapter and it may be written as 
M W = 1W • w 
The matrix B. was derived earlier from matrices B, and B I 
whose elements are values computed from the area and line integrals in 
the formulation used to describe the problem. 
The limits of integration chosen for the area and line integrals 
of Equation (18) of Chapter III were different for each value of the 
b/a ratio. In essence the analytical model used was an annular elliptic 
plate with an inner boundary at f- = § and an outer boundary at 
5 = §_. The tabulation below indicates the size of the annular plates 
for each b/a ratio. Note that the values for the axes give In inches the 
corresponding axes of the opening in the test specmens. 
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"h /a Major Axi 
-* 
s Minor Axis 
5 = 5 •> ^o 5 = §2 5 = 5 3 3o 5 = lo 
0.2000 3.000 132.1 0.600 132.0 
0.4000 3.000 202.0 1.200 202.0 
o.6ooo 3.000 396.0 1.800 396.0 
o.8ooo 3.000 504.0 2.400 504.0 
* 2a = 3-000 
The integration giving the values of the elements was performed 
numerically by use of the trapezoidal rule. Typically, the area was 
divided into 20,000 elements and the line integral was divided into 
100 divisions. These divisions were within a quarter plane and for the 
model with b/a = 0.2, for example, the subdivisions are given below. 
Area Integrals: 
In range: 0 <• 7] ̂  TT/2, 100 divisions 
In range: | <• § <, £ , 200 divisions 
£.. = 0.2025 at the inner boundary and ^ = 4.500 at the outer 
b oundary 
Line Integrals: 
In range: 0 < T) ̂  TT/2, 100 divisions 
In Equation (1) the quantity X is defined as the nondimensional 
load parameter which is obtained as the eigenvalue in the matrix 
iteration process. The lowest value of X corresponds to the buckling 
load which is of primary interest. The elements of the column matrix 
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JA-.|- are the eigenvectors which correspond to the mode shape. In 
Chapter III X is expressed as, 
X = P « £ or P - X - ^ , (2) 
th 
Where P is the uniform, unidirectional buckling tensile stress.t is 
o o 
the plate thickness, E is Young's modulus, D = Et / 12(1 - v ), v is 
2 2 2 \* 
Poisson's r a t i o , h = (a - b ) , and a, b are the semi-major and semi-
minor axis of the e l l i p s e , respect ively. For the computations and 
experiments, t = 0.025 inch, E = 10.5 x 10 p s i , and v = l / 3 -
The buckling load was observed during experiments to have a mode 
shape which was symmetric with respect to both the semi-major and the 
semi-minor axes. I t was, therefore , appropriate to take a deflection 
function which is symmetric about both axes in the analys is . The 
eigenvalue Equation ( l ) was solved by the matrix i t e r a t i on process for 
the highest eigenvalue associated with the lowest c r i t i c a l load. The 
eigenvalues and the corresponding eigenvectors were determined for a l l 
of the hole shapes considered. 
Equation (l) was also solved for a deflection function which is 
symmetric about y-axis and antisymmetric about the x-axis for one hole 
shape. The l a t e r case i s discussed in Chapter V. 
* Note that Equation (2) cannot be used for the c i rcular opening because 
as b -* a, h -> 0 and P -» ». 
The deflection function for the symmetric case i s wri t ten as 
M N 
1^(5,1) = V I A . . e "^ COB2J71, (3) 
i = l D=0 
where £,T] are the nondimensional elliptic coordinates for the given 
system and the A..fs are the unknown coefficients of the deflection 
ij 
function. 
I t should "be noted tha t the choice of w,,^ in Equation (3) implies 
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that natural "boundary conditions (see Chapter II) are present on "both the 
inner and outer boundaries of the annular plate. This, of course, 
corresponds to the case of zero moment and zero transverse effective 
shear on "both edges. 
Equation (2) can "be used to compute the buckling stresses when the 
A.fs are obtained. The values of the computed buckling stresses for the 
hole shapes with respect to the number of terms in the solution are 
shown in Figure 13. In Figure 13 a 6 term solution indicates, 
M = 2 and N = 3 in Equation (3), a 9 term solution indicates, M = 3 
and K = 3 in Equation (3), a 12 term solution indicates, M = 3 and 
N = k in Equation (3), and a 15 term solution indicates, M = 3 
and N = 5 in Equation (3). The convergence for the values of buckling 
stresses is good for the cases of b/a = 0.2 and O.k. For the cases 
of b/a =0.6 and 0.8 more terms would be required to obtain comparable 
results. Because a trend has been established and since the computational 
effort is great, the estimation was discontinued at 12 terms for b/a 
=0.6 and at 15 terms for b/a =0.8. All of the estimates computed are 
aoou 
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Figure 13. Analytical Buckling Stress Estimates for Different 
Hole Shapes 
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shown in Figure 13. 
A discussion of the symmetric mode shapes which are associated 
with the eigenvalue estimate for the case of b/a = 0.2 is presented in 
Chapter V. 
The Vibration Problem 
Experimental Results 
Experiments were conducted to find the natural frequency of 
vibration of the sheet specimen for different values of applied tensile 
stress. The tests were conducted in a specially built tensile testing 
machine. The test rig used is capable of applying a load of up to 
5000 pounds to the specimen. Figure 1^ shows the test machine. A 
hydraulic loading system was used to apply the load. The load was 
measured by reading the output of a calibrated load cell on a strain 
indicator. 
The same type of test specimen used in the buckling experiments 
was used in the vibration experiments. A schematic diagram of the test 
facility is shown in Figure 15. In the test facility the loaded plate 
was excited by an electrodynamic shaker. An audio oscillator in 
conjunction with a power amplifier was used to generate the input 
signal. The electrodynamic shaker was connected to the lower end plate 
of the specimen on the vertical line of symmetry. This method of attach-
ment eliminated problems which would occur if the connection was made 
directly to the sheet; i.e., changes in the effective mass of the sheet. 
A load cell attached at the point of contact between the end 
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-Figure 15. Schematic of Test Facility 
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from the shaker. The response of the free edge of the elliptic hole 
was measured by the use of strain gages. Two strain gages were mounted 
back to back as close to the slot edge as practical with their strain 
sensitive direction perpendicular to the line of loading. A bridge 
was connected such that the reading measured the difference of the two 
gage outputs. The difference of the two gage outputs provide a 
measure of the bending strain. To observe the dynamic bending strain, 
a BLH strain indicator was used to amplify the signal which was fed to 
an oscilloscope. A list of all of the instruments used in the vibration 
experiments is given in Table 2. 
The natural frequency of vibration at different tensile stresses 
can be detected very accurately by use of an oscilloscope. The 
exciting force signal was amplified through a two-channel amplifier 
and was fed into the vertical input of the oscilloscope. The response 
(dynamic bending strain) signal from the strain indicator was amplified 
through the second channel of the two-channel amplifier and fed into a 
tracking filter. The filtering unit eliminated the noise from the 
main signal. The response signal was then fed into the horizontal 
input of the oscilloscope. The force vs response trace on the 
oscilloscope was an ellipse as shown in Figure l6. The change in sign 
of the in-phase component of response was used as an indication of 
transition through the natural frequency. The change is indicated in 
the diagram with au = cu corresponding to the natural frequency. 
The data obtained are shown as frequency vs applied tensile 
stress plots in Figures 17 and 18 for different values of b/a ratio. 
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Table 2 . Instrument S p e c i f i c a t i o n s 
INSTRUMENT MODEL MANUFACTURER 
E le ct r odynami c 
Shaker 
PM-25 Exciter M. B. Electronics 
Load Cel l Model 912 
Quartz Cel l 
K i s t l e r Instrument Corp, 
Power Amplif ier Model 2125MB M. B. E l e c t r o n i c s 
O s c i l l a t o r 209A O s c i l l a t o r Hewlett-Packard 
S t r a i n I n d i c a t o r BLH S t r a i n I n d i c a t o r BLH, Inc . 
Type 20 
Amplifying Unit NUOO Zero Drive 
Data A c q u i s i t i o n 
Amplif ier Module 
M. B. Electronics 
Tracking Filter Model SD101B 
Dynamic Analyzer 
Spectral Dynamics Corp, 
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Figure 18. Experimental Stress vs Frequency Plot for All Hole Shapes 
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The curves shown in Figures 17 and 18 are "based on a large number of 
data points which uniformly cover the indicated range of applied stress, 
No less than 35 data points were obtained for each curve and all 
points lie on the indicated curves. The upper curve shown in Figure 17 
represents the case of the side edges clamped. This test was conducted 
to check the influence of constraint on the vibration behavior of the 
specimen. It may be noted that the constraint effect is substantial. 
This will be further discussed in Chapter V. 
Analytical Results 
The equation governing the vibration problem is presented as 
Equation (20) of the previous chapter and it may be written as 
W = h W • w 
; 1 
The evaluation of the matrix : B/- I was carried out according to the 
procedure used for the analysis of the buckling problem. Q is defined 
as the nondimensional frequency parameter which is obtained as the 
eigenvalue in the matrix iteration process. The elements of the 
column matrix "JA-, r are the eigenvectors which correspond to the mode 
shape. Q is expressed as, 
2 k 
n ptuHi ^ 2 _ D 
Q = ^—z or CJD = Q r- , 
D ptlT 
where cu is the natural frequency of vibration, p is the mass 
density of the sheet material and the quantities D, t, h have been 
7̂+ 
defined previously. 
Because the experimentally observed mode shape was symmetric, 
a symmetric deflection function was used for the analysis. The 
analysis was carried out for the case of b/a = 0.2 with the same size 
annular plate as used for the corresponding buckling problem, A twelve 
term estimate was used to compute frequencies for different values of 
applied tensile stress. The results are shown in Figure 19. The 
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CHAPTER V 
DISCUSSION OF RESULTS 
Introduction 
The results of an experimental and analytical investigation of 
the buckling and vibration behavior of a thin tensioned sheet with an 
elliptic hole were presented in the previous chapter. The present 
chapter is devoted to the discussion of the results obtained for the 
buckling and the vibration problems. 
The Buckling Problem 
The buckling stress estimates which were determined experimen-
tally and analytically were presented in the previous chapter. The 
different features of the results obtained for the buckling problem 
are discussed in this section. 
Experimental Results 
The buckling stress estimates of thin tensioned sheets with 
elliptic holes were computed from experimental data using the Lundquist 
method. The results were presented in Table of Chapter IV for all 
the elliptic hole shapes considered. As noted in Chapter IV, the 
applicability of the Southwell method depends on the validity of a 
linearization of the Karman plate equations [8,67]. The difference 
between the linearized behavior and the nonlinear behavior is 
illustrated in Figure 20. The behavior of a perfect model is described 
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Figure 21. Typical Southwell Plot 
by the curve O-A-B. The value of the buckling load at A is obtained 
from the solution of the linearized, homogeneous plate equations. The 
curve A-B is obtained from a solution of the coupled, nonlinear plate 
equations. 
If the model is imperfect, the behavior deviates from that 
described above, and it may be depicted as shown by the curve O-C-D. 
If the equations governing the behavior of the imperfect model are 
linearized, a solution which gives a curve of the type O-C-E is obtained. 
The Southwell method Is based on the use of a curve which 
corresponds to the curve O-C-E. Since the real behavior deviates from 
this curve at C to move along C-D, it is clear that the load correspond-
ing to C must be accepted as the load above which the Southwell method 
does not apply. 
The deviation at Point C can be traced to the effect of the term 
in the nonlinear governing equations which describes the contribution 
of middle surface stretching due to bending. This effect can, in turn, 
be detected on a load vs midsurface strain diagram [8,67]. The 
load vs midsurface strain curve deviates from linearity above the load 
corresponding to point C of Figure 20. 
The behavior illustrated in Figure 20 must be considered when 
applying the Southwell method to plate stability problems. To 
illustrate this, a typical Southwell plot is presented in Figure 21. 
The straight line of this plot corresponds to the curve O-C-E of 
Figure 20. Since the actual behavior which is depicted by the plotted 
points corresponds to the curve 0-C-D of Figure 20, a deviation of the 
7l;» 
type shown at point C of Figure 21 must occur. This behavior was 
noted in all of the data presented in Figures 9, 10, 11 and 12 of 
Chapter IV. It should be noted that if data points for strain 
differences larger than the value corresponding to point C are used, 
the buckling load estimate will tend to be too large. The same type of 
error can occur with use of the Lundquist plot. 
Other methods are available for the estimation of buckling stress 
from experimental data. They are described briefly in the discussion 
which follows. 
The first method to be described here is an estimation of the 
buckling stress based on a plot of load vs (deflection) . For a 
structural system, the load vs deflection relation can be developed in 
a Taylor's series expansion of P(5) about 6 = 6 as 
P(6) = P(6 ) + (6 - 6 ) P/(6 ) + ̂ - (6 - 6 f P" (6 ) + . . . . o o o 2! o o 
Where the primes denote differentiation with respect to 6. If P vs 6 
is a symmetric function and 6 = 0 
o 
P = P + ~ 62P " + ŷ - 6̂ P "" + . . . , o 2! o kl o 
where P = P(0). o v ' 
This equation for P may be rearranged as 






/ 1 o „2 , \ 
1 > > ( 12 ~YT 6 " * ' ) 5 
an approximate r e l a t i o n of P i s then 
P = P + b. ,62 , 
o 1 ' 
where, b-, = p- P ", a constant. 3 1 ^ o 7 
For a system which is imperfection insensitive ("b > 0) and 
has a smal l imper fec t ion , the above r e l a t i o n may provide an accep tab le 
description of the response for small deflections. An estimate to 
P may then be obtained from a plot of the above equation. The 
linear plot shown in Figure 22 illustrates how an estimate might be 
obtained. The value of the intercept on the load axis would be used as 
the buckling load estimate by this method. 
2 
An effort was made to utilize the P vs 6 method in the present 
investigation. Plots of the data obtained did not, however, produce 
results which could be used because the latitude in the selection of 
a straight line was too great. This technique was not, therefore, 
used to obtain buckling load estimates. 
Dixon and Strannigan [2] proposed a method for finding upper and 
lower bound estimates of the critical buckling load from the load vs 
strain difference curve of a cracked sheet. A typical load vs strain 
difference curve is shown in Figure 23- Point Q, corresponds to a 
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Figure 23. Load vs Strain Difference Plot 
upper bound. This method was not used here "because it was found to be 
difficult to select the points Q, and Q, with confidence. In addition, 
the range between the bounds is generally quite substantial. 
Zielsdorff in his Ph.D. thesis [8] proposed an empirical formula 
for the buckling stress of a tensioned sheet with a slot cutout. The 
formula proposed is 
2 JL 
ocr = sGa) M + 1-69 (D + o.o2 (ff (f)] , 
where E is Young's modulus and t is the sheet thickness. The 
quantities R and H are defined in Figure 2k. 
Zielsdorff's formula can be used in two ways to obtain buckling 
stress estimates for the elliptic hole problem. For one estimate the 
value of the semi-major axis is used for H, and the value of the semi-
minor axis is used for R. In this case the ellipse is inscribed in 
the slot. 
For a second estimate the value of the semi-major axis is used 
for H and the value of the radius of curvature at the end of the 
major axis is used for R. In this case the slot is inscribed In the 
ellipse. The buckling stresses estimated by the Lundquist method for 
all the hole shapes considered are shown in Figure 25. The two 
estimates for buckling stresses using Zielsdorff's empirical formula 
for hole shapes ranging between a crack and a circle are also shown 
In Figure 25. The estimates of the buckling stress form a closed 
envelope in Figure 25. It may be seen that buckling stress estimates 
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Figure 25 . Buckling S t r e s s Est m a t e s 
for the cases of b/a =0.2 and O.k using Lundquist method fall within 
the envelope while the buckling stress estimates for the cases of 
b/a =0.6 and 0.8 are above the envelope. It may be concluded from the 
above results that the upper curve based on Zielsdorff's empirical 
formula (the case for the ellipse inscribed in the slot) provides a 
good estimate for the buckling stress for the elliptic holes considered 
here. 
Analytical Results 
The buckling stress estimates of a thin tensioned sheet having 
an elliptic hole were computed using the generalized Galerkin method. 
A doubly symmetric deflection function in the form of Equation (3) of 
the previous chapter was chosen for the solution of the eigenvalue 
problem posed. The results obtained indicated that a small number of 
exponential terms and a larger number of cosine terms were required 
for good results. This was particularly true as b/a approaches unity. 
The convergence for the values of buckling stress was good for the 
cases of b/a =0.2 and O.k. More terms, however, would be required 
for the cases of b/a =0.6 and 0.8 to obtain comparable results. 
Additional terms beyond the fifteen taken for b/a =0.8 were not used 
because not only was the total computer time required to obtain a 
solution large (about 30 minutes), but the data processing time for 
the estimate was very long (two days). These times would be increased 
markedly if additional terms had been taken and the time that could 
practically be devoted would have been exceeded. A review of the 
experimental and analytical results indicate that useful conclusions can 
be made without more extensive computations. 
85 
The experimental and analytical estimates of "buckling stress 
for all values of b/a ratio considered are shown in Figure 26 for 
comparison. The points for the analytical solutions in Figure 26 
correspond to the largest number of terms taken for the respective 
hole shapes. It can be seen from Figure 26 that experimental results 
are consistently higher than the analytical results. The percentage 
difference for the case of b/a = 0.2 is 3°Jo. For the case of b/a = 
O.k the difference is k%. If the experimentally determined estimates 
were exact, it might be expected that the analytically determined 
-* 
estimates should be equal to or larger than the true value. Since 
the expected order appears to be reversed, some discussion of the 
possible reasons for the observed trend is appropriate. 
The buckling stress estimates from the experimental data were 
obtained using the Lundquist method. It was mentioned earlier in 
this chapter that the Lundquist plot would give high values of buckling 
stress if the plotted straight line was influenced by data points 
beyond point C of Figure 21. This is related to the stiffening 
characteristics indicated beyond point C In Figure 20. To examine 
this as a possible effect, the Lundquist plots were carefully reviewed. 
Particular attention was focused on the location of the point corre-
sponding to point C of Figure 21. The results of this examination 
indicated that the experimental estimates were not likely to be more 
than 5$> high. 
* As used the Gakerkin method is equivalent to a direct use of the 
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An evaluation of the resu l t s obtained should also include a 
consideration of the extent to which the ana ly t ica l model exhibits 
the behavior of the t e s t specimen. The outer boundary of the ana ly t ica l 
model was e l l i p t i c a l whereas that of the t e s t specimen was rectangular. 
Although the in-plane s t ress s ta tes developed could be expected to be 
very nearly the same, the outer boundary conditions could be considered 
to be the same only i f the out-of-plane deflection behavior is completely 
confined to a small region adjacent to the opening. Since the degree 
to which such a behavior can be assumed is not rigorously known, some 
discussion of this aspect of the results should be included here. 
Some insight into the difference between the analytical model 
and the test specimen can be gained by a comparison of edge conditions. 
The outer free edges of the test specimen lie within the boundary of 
the annular region of the analytical model. It follows that along 
such a line, the analytical model has a greater constraint than the 
free edge, and this might tend to cause the buckling load for the 
analytical model to be higher than that for the test specimen. Such a 
conclusion cannot be accepted as final, however, until the clamped 
edges of the test specimens are also considered. These edges also 
are within the annular region of the analytical model, but now, the 
constraint situation is reversed. That is, the top and bottom edges 
of the test specimen, being clamped, are more highly constrained than 
the corresponding lines within the analytical model. This effect, 
if acting alone, would cause the test specimen to have a higher buckling 
load than the analytical model. 
Since the two effects described are opposite and are considered 
only in a qualitative sense here it Is not known whether or not one 
is dominant over the other. It Is, however clear from the discussion 
that a comparison of the magnitude of the values obtained should 
include a recognition of the differences between the analytical and 
the test model. It might also be concluded that a larger test specimen 
would be desirable. 
Pellett's [69] analytical result for a circular opening Is also 
shown in Figure 26. It is seen from Figure 26 that PellettTs estimate 
for the circle is below that which could be expected from an extra-
polation of results from the present investigation. Pellett indicated 
that his result was obtained by extrapolating results from a solution 
using a finite number of terms to a result for an infinite number of 
terms by use of a least-square procedure. Because of the method of 
extrapolation, it is not known whether his result is an upper or a 
lower bound. 
The mode shapes corresponding to the case of b/a =0.2 were 
computed analytically and they are plotted in Figure 27 for the case 
of: 
(1) At £ = 5 Q f o r 
(2) At I] = 0 f o r 
(3) At 7] = TT/2 f o r 
The space coordinates for the latter two cases have been transformed 
to the Cartesian coordinates x and y. In Figure 27 w 
J ta max 
c o r r e s p o n d s t o t h e d e f l e c t i o n a t 5 = 5 and Tj = T T / 2 . I t i s s e e n 
0 < 71 <• TT/2 
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that the deflection becomes small as the distance from the hole becomes 
large. The plotted mode shapes are consistent with the mode shapes 
observed visually during the buckling experiments. In the experiments 
the side edge of the specimen corresponded to a value of x/a = U.O. 
The top edge of the specimen had a value of y/b =36. An examination 
of the results of Figure 27 suggests that for b/a =0.2 the length of 
the specimen was sufficient, but the width of the specimen should have 
been larger. It is important to emphasize that the conclusions stated 
apply to the specimens with b/a = 0.2. For this specimen the observed 
region of buckling was relatively compact and localized. As the b/a 
ratio increased, it was observed that the buckled zone became narrower 
and elongated in the direction of applied load. It seems likely, then, 
that the test specimen used may have been too short for the larger 
b/a ratios tested. 
All of the computations cited have been for a doubly symmetric 
deflection mode. Other types of mode shapes could be considered. For 
example, a deflection function which is symmetric about the y-axis 
and antisymmetric about the x-axis may be written as, 
M N 
vm(S>T\) = £ 7 A., e-
1* sin(2J +1)7] . 
i=l 3=0 
Using this form of deflection function, a computation was carried out 
for b/a =0.2 for a 12 term solution. The buckling stress was found 
to be 85OO psi. The lowest value obtained in this antisymmetric case 
is substantially higher than the value for the doubly symmetric case. 
Because of this result, and because of the analytically and experi-
mentally observed deflection behavior indicated a doubly symmetric 
mode, it may be concluded that the lowest buckling load corresponds to 
the symmetric mode shape. The remaining possibilities cited in 
Chapter III were not used for obtaining buckling estimates. 
The Vibration Problem 
The results of an experimental and analytical investigation of 
the vibration behavior of a thin tensioned sheet with an elliptic hole 
were described in Chapter IV. This section is devoted to the discussion 
of the different aspects of the results obtained. 
Experimental Results 
The frequency vs applied tensile stress plots of a thin tensioned 
sheet with an elliptic hole are shown in Figures 17 and 18 of Chapter 
IV for different values of b/a ratio. Curves which illustrate the 
main features of the behavior observed are presented in Figures 28 
and 29 for the purpose of discussion. It is seen in Figures 17 and 28 
that for the b/a ratio of 0.2, the stress vs frequency plot is made up 
of three distinct regions. 
1. The frequency increases with increasing stress (A to B in 
Figure 28). 
2. In the region from B to C of Figure 28 the frequency 
decreases with the increasing stress. 
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In the first region from A to B the behavior is qualitatively 
similar to that for a tensioned sheet without a hole. Reference to 
Figure 18 also indicates that vibration behavior is relatively 
insensitive to hole shape in this region. The curve for b/a =0.2, 
0.k9 0.6, 0.8 tend to merge for values of tensile stress less than 
1500 psi. It may be observed that the magnitude of the frequency at 
a given stress level may be expected to be quite dependent upon specimen 
size; i.e., length and width. As a consequence, it would follow that 
for larger specimens, the curve of the first region would be lower 
since this region corresponds to the overall plate mode. 
As the applied tensile load increases, the stress in the com-
pressive zone adjacent to the hole becomes proportionately larger. 
Although the size of the compressive zone remains unchanged, the local 
effective stiffness progressively decreases. These factors begin to 
influence the vibration behavior substantially as the applied tension 
is increased beyond point B of Figure 28. This results in a region 
in which the frequency decreases continuously with increasing applied 
tension. 
The plate specimen of Figure 28 is known to be subject to 
buckling, and a vibration experiment could, therefore, be expected to 
produce a frequency vs applied stress curve which has a stress axis 
intercept at the buckling load; i.e., it would be expected that the 
curve BC would extend downward to the stress axis. The behavior which 
might be expected is not observed in Figure 28. It does not occur 
because the equilibrium branch about which oscillation occurs begins 
9k 
to "be influenced "by the nonlinear effect of middle surface stretching 
due to bending; i.e., oscillation is about branch CD of Figure 20. 
Note that if the specimen had been perfect, oscillation would have 
been about the equilibrium branch 0A, and then the frequency 
vs applied stress curve might have a stress axis intercept. This 
observation suggests that the behavior observed on BC of Figure 28 
is dependent on the specimen imperfection. It is important to note, 
however, that the nonlinear effect of middle surface stretching must 
also be present to obtain the observed behavior. If imperfection 
alone were present, the resistance to bending would tend to zero as 
the load approached the buckling load, so a zero frequency intercept 
would have been observed. This would, in essence, correspond to 
oscillation about the equilibrium branch CE which corresponds to the 
linearized analysis of the imperfect sheet. Thus, the presence of 
imperfection is necessary but it is not sufficient to produce the 
observed behavior. 
Ultimately, a third region develops in which the frequency 
increases with increasing applied tension. In this region the behavior 
may be characterized as a vibration about the branch CD of Figure 20. 
The top curve of Figure 28 is the result of an experiment 
In which the vertical, free edges of the specimen were constrained by 
clamping rectangular cross-section bars to the edges. The cross-section 
of the bars was l/2" by l/V. The test procedure followed was first to 
apply the desired tensile load and then to apply the edge constraint. 
The objective of this experiment was to determine whether or not the 
vibration behavior in the region BC of Figure 28 was localized within the 
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outer boundaries of the specimen. If, for example, no transverse 
motion was occurring when the edges were free, then clamping the edges 
should not result in a behavior change. As can be seen, however, the 
frequency curve was raised over the entire range of stress. The vibra-
tion behavior clearly was not, therefore, confined to a zone adjacent 
to the opening in the range BC of Figure 28. 
For the b/a ratios of O.k, 0.6 and 0.8 the observed stress 
vs frequency behavior (Figure 18) is different from that for b/a =0.2. 
The features observed for these cases are illustrated in Figure 29. It 
is seen that the distinct maximum and minimum behavior of the stress 
vs frequency curve for b/a = 0.2 is replaced by an inflection point. 
The region adjacent to the inflection point of Figure 29 represents a 
point beyond which oscillation is about an equilibrium branch corre-
sponding to the region CD of Figure 20. 
In summary it may be concluded that for the specimens tested, 
the effect of hole shape on the frequency vs applied stress curve is 
quite marked. The extent to which the differences observed may be 
modified for larger specimens is not known. 
The nature of the mode shape associated with the vibration 
results has not, up to this point, been specified. Care was, of 
course, taken to be certain that the frequencies measured were those 
associated with the first mode. In addition, strain gages were applied 
on selected specimens to both long edges of the ellipse. By this means 
it was possible to establish that the mode observed was symmetric with 
respect to the major axis of the elliptical hole. 
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Analytical Results 
The frequency of vibration of a tensioned, annular sheet having 
an elliptic hole was computed for b/a = 0.2 for different values of the 
applied load using the generalized Galerkin method. A doubly symmetric 
deflection function in the form of Equation (3) of Chapter IV" "was 
used. An examination of the deflection function used reveals that a 
localized "behavior is "being represented due to the rapid decay of 
the exponential functions. The results obtained "by the use of this 
function are summarized in Figure 19 of Chapter IV. An examination of 
the results indicates that the frequency decreases with increasing 
applied load and becomes zero at the buckling load. 
In comparing the analytical results with the experimental results, 
some interesting features may be discerned. Analytically, the frequency 
is zero at the buckling stress, whereas, the experimental stress 
vs frequency plot of Figure 28 indicates that in the second region 
(B to c) a finite minimum (point C) is obtained near the buckling stress. 
The analytical result represents an oscillation about the linearized 
solution for the equilibrium branch for a perfect sheet. This means 
that imperfection and the nonlinear effect of middle surface stretching 
due to bending are not included in the analysis which produced the 
results of Figure 19. In the real problem, of course, these effects 
are present and are manifested in the manner described in a previous 
section of this Chapter. 
A comparison of the experimental and analytical curves of 
Figure 19 of Chapter IV for b/a =0.2 indicates that in the region in 
which the local behavior is dominant, the experimentally observed 
frequency is greater than the computed frequency. Since the computed 
frequency is for a large but finite annular sheet, it is reasonable to 
ask whether or not another size plate might more effectively represent 
the localized behavior observed in the experiments. For example, if 
a somewhat smaller analytical model were chosen, it would be expected 
that the computed frequency vs stress curve would be higher than that 
of Figure 19. 
Since the choice of the size of the analytical model used is to 
some degree arbitrary, it would seem to follow that it would be desirable 
to develop an analytical model which represents more completely the 
shape and size of the specimen tested. Analytically, of course, it 
would also be desirable to then include functions which could also 
better represent the overall, as opposed to local, vibration behavior of 
the sheet. 
Clarkson and his co-workers [31-36] have studied the behavior of 
a cracked plate under constant tensile stress subjected to acoustic 
loads. Their investigation is related to the present study in that 
the crack is a limiting case of the ellipse. The natural frequency of 
vibration in Clarkson's work was found to depend on the overall tension 
of the plate and on the crack length. Their investigation was concerned 
with basic features of plate vibration; i.e., mode shapes at resonant 
frequency, and the load vs frequency behavior. The effects of initial 
stress, over-all noise level, and plate thickness on the rate of crack 
propagation were also studied. 
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The stress vs frequency behavior experimentally observed in 
Clarkson's study is similar to the stress vs frequency behavior for 
the case of b/a = 0.2 in the present investigation. Some analytical 
work was performed by Clarkson's group. In the model which they 
adopted the compressive zone above the crack was isolated from the 
remainder of the sheet. The behavior of the isolated zone was then 
said to be similar to that of a rectangular plate which was clamped 
on three edges and free on the edge which corresponded to the crack 
edge. The actual in-plane stress state was then approximated as a 
linearly varying, unidirectional stress which acted parallel to the 
free edge. The stress was compressive and the maximum value occurred 
at the free edge. The lowest natural frequency of the model was 
computed by use of the Rayleigh-Ritz procedure and as would be expected, 
the frequency of the model decreased with increasing stress level. 
The maximum compressive stress was correlated with the tensile load 
in the actual sheet specimen. Although these results do reproduce 
some features of the subject problem, they provide no information about 
the deflection behavior outside of the compressive zone. 
The deflection behavior outside the compressive zone can be 
examined for the analytical model used here. The mode shapes corre-
sponding to the case of b/a = 0.2 were computed and they are plotted in 
Figure 30. From the bottom graph of Figure 30, it is seen that the 
maximum deflection occurs at the free edge of the hole, and.that it 
decreases as the distance from the hole becomes large. It may also 
be seen in the top graph that along the circumference of the hole, the 
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mode shape changes its sign in the range between T\ = 0 and T| = n/2. 
It follows that in the region around the hole, one portion of the plate 
has a positive deflection while another portion has a negative deflec-
tion. The nodal line for the mode shape computed is shown in Figure 31. 
From the middle plot of Figure 30s it may "be seen that the deflection 
at the end of the major axis, though small, is non-zero. 
The dashed lines of Figures 30 and 31 indicate the location of 
the boundary of the sheet specimen which was tested. The top and 
bottom edges of the test specimen were clamped and the side edges were 
free. It should be noted that the outer boundary of the analytical 
model lies outside the plotted graph. In terms of the scale of 
Figure 31 it would very nearly be a circle whose radius is about 66 
inches for b/a =0.2. A comparison of the relative sizes of the test 
specimen and the analytical model suggests that an improved correlation 
for the localized type behavior might be achieved by use of a larger 
test specimen. The other alternative which was noted earlier would 
be to use an improved analytical model. This latter possibility would 
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CHAPTER VI 
CONCLUSIONS 
An experimental and analytical investigation of the buckling 
and vibration behavior of a thin tensioned sheet with an elliptic 
hole was described in the preceding chapters of this dissertation. 
Conclusions based on the results obtained are summarized in the 
discussion which follows. 
The buckling experiments were conducted on finite sheet specimens 
with four different hole shapes, and buckling loads were established 
by use of a modified Southwell method. 
A large annular sheet model with elliptic inner and outer 
boundaries was adopted and analyzed by use of the generalized Galerkin 
method. Buckling stress estimates were obtained for a range of hole 
shapes for which the ratio of the minor axis to the major axis of the 
ellipse varied from 0.2 to 0.8. Mode shapes for the ratio of 0.2 were 
determined. 
Agreement between experimentally and analytically determined 
buckling stress estimates was good. In view of the agreement observed 
it may be concluded that for the buckling problem, analytical results 
based on the sheet model adopted can be used to reproduce the main 
features of the behavior of the finite specimens tested. 
The experimental investigation of the vibration behavior was 
conducted on finite, tensioned sheet spacimens for four values of the 
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ratio of minor axis to major axis. For a ratio value of 0.2 both a 
local maximum and a local minimum were observed for the frequency 
vs applied tension curve. For ratio values of 0.4, 0.6, and 0.8 the 
maximum and minimum observed for the ratio 0.2 is replaced by an 
inflection point. 
The vibration problem of a tensioned annular elliptic sheet 
with an elliptic hole was solved by use of the generalized Galerkin 
method. The frequency vs applied tension behavior for a hole ratio 
of 0.2 was determined for vibration behavior in which the transverse 
motion is local in character and confined to a region adjacent to the 
opening. For this case it was found that the frequency is zero at the 
buckling stress and that the frequency increases with decreasing applied 
tension. 
Some distinct differences were found between the analytical and 
experimental results. Analytically, the frequency is zero at the 
buckling stress for the case of b/a = 0.2, whereas the experimental 
stress vs frequency plot exhibits a finite minimum near the buckling 
stress. This may be traced to the fact that the analytical solution 
obtained is based on a purely linear formulation for a perfect sheet. 
Actually, the presence of imperfection and the nonlinear effect of 
middle surface stretching due to bending begins to be an important 
factor in the real behavior as the applied tension approaches the 
buckling stress. This causes the vibration response to deviate markedly 
from that predicted from the analysis performed. 
Although some of the features of the behavior observed in the 
vibration experiments on finite specimens have been reproduced in the 
analysis of the large annular elliptic sheet model, an improved 
correlation might be achieved by use of a larger test specimen. In 
terms of the usefulness of results which might be obtained from 
additional work, however, it is believed that it would be preferable 
to develop an analytical solution of a model which more closely 
reproduces the features of the test specimen. 
CHAPTER VII 
RECOMMENDATIONS FOR FUTURE RESEARCH 
The buckling and vibration behavior of a thin tensioned sheet 
with an elliptic hole has been described in this report. In the course 
of the investigation several interesting features concerning the 
buckling and vibration behavior have come to light. These features 
could be more completely explained and further insight into the problem 
could be developed through extensions of the present research. 
Recommendations for further research in these areas are presented in 
the itemized discussion which follows. 
1. The analytical solution for the buckling problem in the 
present research is based on a linearization of the Karman plate 
equations. When applied loads are near the buckling load in the real 
problem, the effect of middle surface stretching due to bending can-
not be neglected, and the coupled, nonlinear equations (including the 
effect of imperfection) must be used to describe the plate response. 
A solution of the indicated nonlinear problem would provide a descrip-
tion not only of the deflection behavior, but also of the redistribution 
of stress which occurs during loading. The change in the stress con-
centration factor which accompanies bending and middle surface stretching 
due to bending is of particular importance with reference to the onset 
of inelastic behavior. Also, under cyclic loading conditions, the role 
of the stress concentration factor is well known in the fatigue problem. 
2. The model used in the vibration analysis presented here 
consisted of a large annular sheet with elliptic inner and outer 
boundaries. Although the model exhibited some features of the finite 
specimen which was tested, a more complete correspondence between the 
analytical and the experimental results would be desirable. This could 
be accomplished by analyzing the specimen tested. The results of this 
analysis should provide a more complete description of the frequency 
vs applied tension for the load range from zero up to or near the 
buckling load. 
3. The frequency response of the specimens tested at loads near 
and above the buckling load differed drastically from that predicted 
by the analytical results presented in this report. To reproduce the 
behavior observed, the required analysis would involve oscillation about 
a static equilibrium branch in which the effect of imperfection is 
included. Thus, although the vibration analysis could be for simple 
harmonic motion, the configuration about which small oscillations 
occur would have to be determined from a solution of the static non-
linear Karman equations. 
h. Ultimately, the problems discussed here become important in 
relation to their influence on fatigue behavior. The effect on the 
stress concentration has been mentioned under item 1. Another effect 
which may arise would be associated with cases in which the resonant 
frequency is included in the load vs frequency spectrum. The nucle-
ation of fatigue cracks under such resonant conditions for loads both 
below and above the buckling load is of basic interest. It is recommended 
that this problem be investigated in a series of controlled experiments. 
APPENDIX A 
STRESS COMPUTATION DETAIL 
APPENDIX: A 
STRESS COMPUTATION DETAIIS 
In Chapter I I I , the Kolosof f ' s Equat ions (5) and (6) are 
w r i t t e n in the form 
CT5 + ^ = 2 
' ( z ) + | ' ( z ) = ^ Re \ | / ' ( z ) , 
and 
^ " CT5 + 2 * S H = 2 e 
2i6 
z ^"(z) + x"0 
where, In e l l i p t i c coord ina tes (see Figures 6 and 7) 
2i0 s inh $ 
e = ? 
s inh $ 
and 
$ = § + IT), 
I = § - i l l , 
z = x + i y . 
^ and T\ a re nondimensional e l l i p t i c c o o r d i n a t e s , x and y are 
Car tes ian coord ina tes i n u n i t s of l e n g t h . \|r(z) and x ( z ) are the 
complex p o t e n t i a l funct ions and they are given in Chapter I I I . Usin£ 
the above, we can wr i t e 
cr? + c^ = P ( a 5 ) , (A-l) 
and 
^ " C T ? + 2 ^ = K a 2 8 + l a 2 9 ) '
 (A"£) 
where t he q u a n t i t i e s i n the pa ren theses a re t a b u l a t e d below. 
Equating r e a l and imaginary p a r t s , we ob ta in 
CTn " a ? = f ( a 2 s ) ' (A_3) 
and 
P 
O - (A-U) CTm = irVa29/'-
From Equations (A-l), (A-3) and (A-U) the stress components in elliptic 
coordinates may then be written as 
P / a 28 \ _ / 
5 = 2 l a 5 - i - i = P ^ ^ > 
_ P / , "28 
0^ = rr a^ + T] 2 V 5 2 
, ) = P f 2 ( 5 ^ ) ' 
and 
^ = ! (a29)
 = P f
3 ( ^ 5T1 




^ ) - i ( » 5 + ¥ ) . 
f
3 i
§ ' ^ = 5 '29 
Definitions of the a, quantities are as follows 
a, = sinh § cos 7] 
a = cosh § sin 1] 
a_ = 
2 2 
al " a2 
2 4- 2 
al + a2 
a,. = 
2ala2 
2 , 2 
al + a2 
2F 2? 
o /, *o\ sinh 2g  
,"e V J (cosh 2§-cos 27]) 
3 2 




3 a*a - a 3 
a 
( a ^ a ^ 2 ) 2 + ( 3 a 2 a 2 - a 3 )
2 
a 8 ~ afi ' 
a9 = a7 i1 + e °) 
a 0 = cosh § cos 7] 
i = s inh § s i n 7] 
a i 2 ~ a l l a 9 " a lO a^ 
a 13 ~ a l l a 8 + a 10 a 9 
llk = ( c o s h 2 ^o + ^ l O ^ + a l l a 7 
a 1 5 = ^cosh 2 § o + I j ^ a ^ - a 1 0 a 7 
a , = cosh [ 2 § - 2 §^ j cos 2 T]e 
^ \ 2 ? o 
a = s inh (2 § - 2 £,) s i n 2 T]e 
a l 8 " a i 6 l a l a 6 + a 2 a 77 " a l 7 Va2a6 " a l a 7 
a19 " a 17 ^ a l a 6 + a2V + a l 6 Va2a6 " a l a 7 
/ N 2^o 
a2Q = s inh ^ - 2 § J cos 2 T]e 
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2? 
a21 = cosh ( 2 5 - 2 g j sin 2 l]e ° 
a22 " a6 Va20ai0 " a2iail/ + a7 Va21al0 + a20all 
a23 " a6 Va2iai0 + a20aiiy " a7 la20a!0 " a2iai 
a2l| ~ a'lk + 2 ai8 " a22 
a25 ~ a!5 + 2 al9 " a23 
a26 " al2 + a2i| 
a27 " a13 + a25 
a28 "" a3a26 " V 2 7 
a29 " V 2 6 + a3a27 
To illustrate the application of the preceding results, the 
nondimensional normal stress on the elliptic "boundary and tangential 
to the edge for different "b/a ratios has "been computed and is shown 
in Figure 32. Naturally, in the problems of interest here, the stress 
state at all points in the field must be computed to perform the 
required analysis. 
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b/a = 0.2 
Figure 32. 
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PROPERTIES OF TKE DEFLECTION FUNCTIONS 
APPENDIX B 
PROPERTIES OF THE DEFLECTION FUNCTIONS 
Definition 
The functions y (x), yp(x), ... y (x) are linearly independent 
on an interval I if the only constants c,, c , ..., c for which 
c1y1(x) + c2y2(x) + ... + cnyn(x) = 0, 
are 
c, = c0 ... = c = 0. 1 2 n 
Polynomial Functions 
let 
To show that 1, x, .. •, x are independent over x £ x ̂  x 
2 n 
a„ + a., x + a^x + ... + a x = 0 (B-l) 
0 1 2 n v ' 
when x £ x £ x . Suppose a ^ 0. Then, by the fundamental theorem 
of algebra, the Equation (B-l) can have at most n roots and so the 
left members can be zero on x <. x ^ x only a finite number of times. 
Hence, if we require that Equation (B-l) be satisfied for a l l x 
in the interval, we must require that a~ = a_ = a_ . . . = a = 0 . 
' ^ 0 1 2 n 
This result proves that the above set satisfies the conditions for 
linear independence. 
n6 
If x = 1/5, then it also follows that 1, l/g, 1/5 , ..., l/§n 
form a linearly independent set with the stipulation that ^ / 0 on 
the interval. 
Exponential Functions 
To show that 1, e , e , ..., e are linearly independent 
over x < x <, x , an induction proof may "be used. The result is 
•"X 
clearly valid when n = 1, because 1, e are linearly independent. 
To begin suppose that the result is valid for a given n. Then 
consider 
4. n -x , " 2 x , 4- -nx + c ^ e"
( n + l ) x = 0. (B-2) c_ + c e + ĉ e + ... + c e n+1 v 
0 1 2 n 
It is required to show that c~ = c, = ĉ  = ... = c = c ,n = 0. 
0 1 2 n n+1 
(n+1)x 
First, multiply Equation (B-2) by e ' . Then, 
(n+l)x nx J (n-l)x ... + c e
X + c ̂  = 0 . (B-3) 
cne
x ' + c e + c eN ' n n+1 
Differentiating Equation (B-3) gives 
, ,ns (n+l)x / N nx / n\ (n-l)x x , , v 
c (n+1) ev y + c1(n) e + c (n-1) e
v + ... + c e = 0 . (B-4J 
Multiplying Equation (B-k) by e~^ g V 
c (n+1) + Cl(n)e"
X + c2(n-l)e"
2x + ... + c e"nX = 0. (B-5) 
Therefore, according to the given assumption 
c~(n+l) = cn(n) = ... = c = 0 
0 1 n 
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and henee 
c„ = c, = ... = c = 0 . 
0 1 n 
It then follows from Equation (B-3) that c , = 0 . Thus, it is proved 
that if the result is valid for a given n, it is also valid for 
n+1. Hence, 1, e , e , ..., e form a linearly independent set. 
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APPENDIX C 
LOAD-BENDING STRAIN DATA 
Table C-1. Load-Bending S t r a i n Data for b / a = 0 . 2 
LOAD BENDLNG STRAIN LOAD BENDING STRAIN 
(pounds) (micro- inch / inch) (pounds) (micro- inch/ inch) 
0 0 1150 575 
100 -37 1200 675 
200 -37 1250 770 
300 -33 1300 859 
350 -30 1350 9̂ 5 
Uoo -25 1̂ 00 1035 
i+50 -19 1U50 1120 
500 -10 1500 1200 
550 - 2 1550 1278 
6oo 5 1600 1356 
650 20 1650 1̂ 33 
700 35 1700 1510 
750 55 1750 1580 
800 80 1800 1646 
850 120 1850 1722 
900 165 1900 1785 
950 229 1950 1850 
1000 301 2000 1920 
1050 ^02 
1100 ^85 
H H H \-> 
H H O O VD VD OO CO~<| -<] CTNVJI -frUO ro H 
U l O u i O U l O u l O U l O O O O O O O 
o o o o o o o o o o o o o o o o 
ro ro H H H i i i i 
OOUJCD-p'|-,VD^lVJi4='OOi-1 H H 
VJI Ovnvn o\ M w ui u i w vn vn -P~ o O-^i 
^ 3 ^ - , l - , l - , H l - ' l - , l - , e H l - , H ^ - l l - , l - 1 l - , 
o v o v o coco-<]-<] GA ONVJI vn 4r--(r-oouo ro 
O v n o v n O V J i o v n O V J i O v j i O V J i O V J i 
O O O O O O O O O O O O O O O O 
H b ! ' ~ , i - , H H M i - , e _ 
-O CTNVJI 4^-4^-00 ro H o VD co co^j own -p-
ro -p- (7\VD H ro vn o \ - ^ v o v o o H M r o w 
O M crwn O c^Ovnvn o v n v n o vn VJI -o 
Table C-3. load-Bending Sbrain Data for b /a = 0.6 
LOAD BENDIMG STRAIN LOAD BENDING STRAIN 
(pounds) (micro-inch/inch) (pounds) (micro-inch/inch) 
0 0 1̂ -50 150 
100 23 1500 185 
200 32 1550 235 
300 37 1600 320 
if00 ^0 1650 ^33 
500 ko 1700 575 
6oo ^ 1750 705 
700 ^7 1800 835 
800 h9 I85O 955 
900 51 1900 1055 
1000 57 1950 II65 
1050 61 2000 1265 
1100 65 2050 1360 
1150 70 2100 1^55 
1200 75 2150 15^5 
1250 81 2200 1625 
1300 93 2250 1720 
1350 105 2300 1780 
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